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Summary
Introdution
In this thesis we study interfaes of dierent nature by means of moleular simulation.
Speially we analyse surfae waves using the interfaial Hamiltonian model for four
dierent kinds of interfaes: liquidvapor, solidliquid, solidvapor and adsorbed inter-
faes.
From a theoretial perspetive the interfaial Hamiltonian model is revisited with
the aim of improving it. This improvement implies the inorporation of the surfae
tension dependene on the lm width for adsorbed lms.
The huge variety of systems employed enables us to study a wide range of proper-
ties, both stati and dynami. Among all of them, a great part of this work is devoted
to the alulation of solidliquid interfaial free energies, given that they are hardly
aessible experimentally and their relevane in nuleation and growth of a rystalline
solid.
Finally, we also address the strutural araterisation of interfaes by alulating
their interfaial density proles and by studying their rystalline struture.
With the aim of sustaining our work we perform studies in whih we test several
methodologial aspets.
We arry out all of these studies by employing very relevant models, either beause
of their wide use or beause of the omplexity of the systems desribed. In partiular
in this thesis we employ the Hard Spheres model, the LennardJones model, the Tosi
Fumi model for sodium hloride and the TIP4P/2005 model of Abasal and Vega for
real water.
For the development of the thesis we make use of several methods and analysis
tools. In this sense, we use the methods of Monte Carlo, Moleular Dynamis and Mole-
ular Dynamis for hard spheres to perform the simulations, we employ order parameters
to distinguish between phases at the interfae, and we utilize the Capillary Flutuation
Method to alulate solidliquid interfaial free energies.
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Objetives
This thesis onsist of six objetives ranging from theoretial aspets to methodologial
ones.
1. Study the behaviour of adsorbed interfaes to improve the desription given by the
interfaial Hamiltonian model. In partiular we want to study the surfae tension
dependene with the lm width.
2. Charaterise the relaxation of the waves present in the solidliquid interfae. In
partiular we want to reognise the relaxation mehanisms of surfae waves and
the time sales in whih they our; as well as alulate the kineti oeients
whih determine the rystal growth veloity.
3. Determine the solidliquid interfaial free energy of some systems of high relevane
suh as sodium hloride or water, where experimental measurements are diult
to be arried out and simulation studies provide ontraditory results.
4. Charaterise the struture of the interfaes studied. Partiularly, we want to study
strutural features suh as interfaial proles and rystalline struture of the solid
near the interfae.
5. Study some methodologial aspets of the apillary utuation method suh as
the interfae geometry, system size eets or the way of obtaining the interfaial
free energy from the stiness.
6. Obtain thermodynami information of an interfae from the probability distribu-
tion of its intrinsi surfae area.
Results
Here we present the results obtained in Part II of this thesis:
• Chapter 1: Disjoining pressure, healing distane and lm height dependet surfae
tension of thin wetting lms.
For this study we use a model of Ar adsorbed on a solid substrate under omplete
wetting onditions. With this model we perform Monte Carlo simulations for lms
of dierent width.
In rst plae we alulate the disjoining pressure by two dierent methods. One
of them alulates the preise disjoining pressure from bulk properties, while the
2
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other one only aounts for the external eld. Both models provide a disjoining
pressure whose behaviour an be explained with the HamakerDerjaguin model if
the lms'width is larger than three moleular diameters.
In seond plae we analyse the apillary utuation spetrum in fourier spae
obtaining the seond derivative of the interfaial potential with respet to the lm
width (h), g′′(h), and the surfae tension. We ompare the results thus obtained
for g′′(h) with results obtained by thermodynami integration and results obtained
by a new model proposed in this hapter, based on density proles. Given that the
three of them are in good agreement we onrm that g′′(h) is dominated by van
der Waals interations. In this ase the validity of the HamakerDerjaguin model
extends for lms of more than ve moleular diameters.
The analysis of the surfae tension reveals a dependene of its value with the
lm width form thin lms. In this hapter we show that suh dependene an be
explained by taking into aount only the inuene of the external eld.
Finally we alulate the healing parallel orrelation length showing the presene
of a lower threshold value of about one moleular diameter.
• Chapter 2: Computer simulation study of surfae wave dynamis at the rystal
melt interfae.
Here we study the relaxation of surfae waves at the solidliquid interfae for
three dierent systems, namely, hard spheres, LennardJones and TIP4P/2005
water. By Fourier analysis of these waves we obtain autoorrelation funtions of
the Fourier modes, whih allow us to notie the presene of two distint time sales:
a slow and a fast one.
For the relaxation proess of the slow sale we obtain a power law valid for all the
systems. This law an be explained by a diusive proess of the interfaial front
as a onsequene of its ontinuous rerystallization and melting.
We have not managed to haraterise the fast relaxation proess with suh prei-
sion, but we think that it is assoiated with the vibration of interfaial atoms and
phonons of the rystal.
The relaxation proess of water is an order of magnitude slower than in the two
other models, due to the presene of orientational degrees of freedom.
Finally we alulate the kineti oeients of all the rystalline strutures studied.
• Chapter 3: Study of the soliduid interfae for the LennardJones system.
In this hapter we study the solidliquid interfae for the LennardJones model
by means of Moleular Dynamis.
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Summary
On the one hand we ompare quasi-monodimensional and bidimensional geome-
tries for the interfae in order to see if the geometry aets the alulation of the
stiness. Both geometries give similar results for all the planes studied but for the
(111). In this ase the quasi-monodimensional geometry gives two dierent values
for the stiness of two orientations whih should be equivalent aording to the
theory. Moreover, for one of these orientations we observe a phase transition from
an f struture to an hp.
On the other hand we evaluate the ability of the order parameter (employed in
the thesis to distinguish if the partiles are in a solid or liquid environment) to
distinguish the rystalline struture of partiles near the interfae. We observe a
tendeny to mistakenly label as hp partiles whih are in an f network.
• Chapter 4: Interfaial free energy of NaCl solidliquid interfaes from Capillary
Wave Flutuations.
In this hapter we alulate the γsl for sodium hloride by means of Moleular
Dynamis simulations obtaining a value of 89 ± 6 mN·m−1. In this study we
ompare both quasi-monodimensional and bidimensional interfae geometries and
we observe that all the orientations give similar results exept for the (111) plane.
On the other hand we observe that the stiness of some orientations show an
anomalous behaviour with a sharp drop when approahing the thermodynami
limit. This drop might be interpreted as an unstability of those orientations.
After rejeting the anomalous results we obtain a value for γsl of 89± 6 mN·m−1, in
good agreement with those obtained from the measurement of nuleation barriers
and at odds with those obtained by the measurement of ontat angles.
• Chapter 5: A study of the iewater interfae using the TIP4P/2005 water model.
In this hapter we study the solidliquid interfae of the TIP4P/2005 model by
means of Moleular Dynamis simulations. The orientations here studied inlude
the main rystallographi planes of hexagonal ie.
The results show that the interfaial width is about 45 moleular diameters re-
gardless the plane exposed, and that when we exhibit the basal plane rerystal-
lization may our as ubi ie in some regions of the interfae.
In this study we also alulate γsl, obtaining an average value of 27 ± 2 mN·m−1,
and values of 27 ± 2 mN·m−1, 28 ± 2 mN·m−1 and 28 ± 2 mN·m−1 for the basal,
primary prismati and seondary prismati planes, respetively.
• Chapter 6: Struture and utuations of the premelted liquid lm of ie at the triple
point.
4
Conlusions
Here we study the triple point of the TIP4P/2005 model by means of Moleular
Dynamis simulations. In partiular we study the roughness of the interfaes and
the behaviour of the uid lm formed on the ie in the ie/vapor interfaes.
The presene of this lm reates two surfaes (ie/lm and lm/vapor), that in a
mirosopi sale utuate as the orresponding independent interfaes ie/water
and ie/vapor. However, in a mesosopi sale suh utuations are governed by
the roughness of the underlying solid and are given by a stiness whih is the sum
of the ie/water stiness and the water/vapor surfae tension.
The behaviour of the lm an be explained by a model proposed in this hapter
and the results show that all the interfaes are rough, at odds with experimental
ndings.
• Chapter 7: The area distribution of the intrinsi surfae.
Here it is studied for the rst time the probability distribution of the intrinsi area
of an interfae. By a theoretial analysis, whih inorporates an energeti term and
an entropi one, we get an expression for suh distribution. With this expression
we alulate the surfae tension of a liquidvapor interfae for the LennardJones
model, showing that its value depends on the resolution hosen to loate the in-
terfae.
Conlusions
The more relevant onlusions of this thesis are shown here, lassied in three main
groups:
General physi behaviour:
• The surfae tension of a liquid lm adsorbed on a solid substrate depends in the
lm width. This dependene an be explained taking into aount only the eld
that the solid substrate exerts on the adsorbed lm.
As a onsequene of this dependene the parallel orrelation length is modied in
a term given by the orrelation length of the bulk phase.
• Surfae waves of the solidliquid interfae relax in two dierent temporal regimes.
The slow regime follows an exponential relaxation, whose harateristi time sales
with q−2 and it is given by a diusion proess of the interfae. This proess is due to
the ontinuous rerystallization and melt of the interfae. The fast regime, whih
we have not been able to haraterise in suh detail, might be onsequene of the
phonons of the rystal and atomi vibration proesses.
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• The probability distribution of the intrinsi area of a rough interfae depends on
the balane between entropy, whih tends to inrease the area, and the interfaial
energy whih tends to derease it. The values we obtained for the surfae tension
from suh distributions depend on the resolution employed to measure the area.
There exists a mirosopi resolution for whih a surfae tension obtained by this
method agrees with the marosopi surfae tension.
Behaviour of spei systems:
• The solidliquid interfaial free energy of the TosiFumi model for sodium hloride,
obtained with the apillary utuation method, is 89 ± 6 mN·m−1. This value is
in good agreement with the one obtained by the measure of nuleation barriers
and at odds with the one obtained by measurements of ontat angles. Within our
preision all the planes studied have the same interfaial free energy.
• The stiness of some orientations of sodium hloride show an anomalous drop
when approahing the thermodynami limit. This drop may be understood as an
unstability of the planes involved for some diretions of wave propagation.
• Ie/vapor and ie/water interfaes for the TIP4P/2005 model are rough.
• The average solidliquid interfaial free energy of the TIP4P/2005 model is 27 ±
2 mN·m−1. Although the anisotropy of the interfaial free energy of eah plane has
not been resolved, our results suggest that the basal plane is the less energeti.
• The TIP4P/2005 model predits that when the basal plane of hexagonal ie is
exposed at the interfae, the latter presents alternating regions of ubi and hexag-
onal ie whih hange dynamially.
• In the ie/vapor interfae appears a lm of liquid adsorbed on the ie that results
in the existene of two surfaes: ie/lm and lm/vapor. We have found that in
a mirosopi sale both surfaes utuate as the orresponding independent sur-
faes ie/water and water/vapor. However, in a mesosopi sale suh utuations
are governed by the roughness of the underlying solid and are given by an stiness
whih is the sum of the ie/water stiness and the water/vapor surfae tension.
Methodologial aspets:
• The apillary utuation method is apable of providing values for the interfaial
energy of rough interfaes, both solidvapor and solidliquid, for systems of dier-
ent nature and omplexity suh as hard spheres, LennardJones, water or sodium
hloride.
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• The ubi and hexagonal expansions provide a reliable means for the estimation
of the interfaial free energy from the stiness.
• The auray of the apillary utuation method has not been apable of de-
termining the anisotropi interfaial free energy for the majority of the systems
studied.
• The quasi-monodimensional and bidimensional interfae geometries provide the
same value for the interfaial stiness for all the rystallographi orientations stud-
ied exept when the (111) is exposed at the interfae.
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Introduión
En nuestro día a día, muhas vees sin ser onsientes de ello, observamos una gran
antidad de situaiones que involuran la existenia de interfases. Por ejemplo, un ubito
de hielo formándose en el ongelador presenta una interfase entre una fase sólida (el hielo)
y una fase líquida (el agua), mientras que uando alentamos agua en una olla tenemos
una interfase entre un líquido (el agua) y un gas (el vapor). El interés que susitan las
interfases se enuentra en que sus propiedades son diferentes a las propiedas volumétrias
de las fases involuradas. Así, una interfase formada entre un gas y un líquido, ¾se
omportará de forma pareida a omo lo hae un gas? ¾lo hará de forma más similar
a un líquido? ¾o quizá lo haga de una forma intermedia entre ambos sistemas? Estos
ambios en las propiedades, junto on la apariión de otras nuevas por el mero heho de
poner dos fases distintas en ontato, haen de las interfases unos de los sistemas más
interesantes que nos podemos enontrar.
La historia moderna del estudio de interfases se remonta a 1709, uando Hauksbee
realiza los primeros estudios sobre apilaridad [1℄. Poo después, en 1751, von Sergen
introdue el onepto de tensión superial para un líquido [2℄, tan onoido en la a-
tualidad. Sin embargo, el gran avane se produe en 1805 uando Young publia sus
experimentos sobre el ángulo de ontato de un uido en un apilar [3℄. Simultánea-
mente, y de forma independiente, Laplae publia un estudio formal matemátio [4℄ en
el que se obtenían los mismos resultados desritos por Young. Así, de la ombinaión de
ambos trabajos surge la famosa Euaión de Young-Laplae, que sentó las bases para
los estudios de interfases urvas. Cuando salimos del mundo de las interfases urvas y
entramos en el de las interfases planas, la forma tradiional de abordar su estudio ha sido
mediante la onsideraión de que estas son superies o regiones perfetamente planas.
Así, en estas regiones, las propiedades van ambiando gradualmente desde las propiedas
volumétrias de una fase hasta las de la otra a medida que avanzamos en perpendiular
a la interfase. Esta es la idea que esta detrás, por ejemplo, de la superie divisoria de
Gibbs [5℄, que es la base de la termodinámia de superies.
Sin embargo, graias al avane de la ienia y al desarrollo de ténias de análisis
ada vez más sostiadas, el estudio de interfases ha ido ganando en omplejidad y
preisión. Atualmente se sabe que las interfases no son superies planas sino que,
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debido a la agitaión térmia, presentan osilaiones relativamente grandes onoidas
omo ondas superiales. Cuando las fuerzas restauradoras de estas ondas son fuerzas
debidas a la energía interfaial reiben el nombre de ondas apilares y los primeros
estudios sobre ellas, realizados a prinipios del siglo XX, se deben a Smoluhowski y
Kelvin [6, 7℄. Como se verá a lo largo de esta tesis, el estudio de las ondas apilares
presenta, además del interés teório en sí, la posibilidad de obtener propiedades tanto
estátias [8℄ omo dinámias [9℄ de las interfases.
Otro fenómeno de espeial relevania es el de las transiiones de mojado, desrito
independientemente por Cahn[10℄ y Ebner y Saam [11℄ en 1977 y observado experi-
mentalmente por primera vez en 1980 [12℄. Éstas onsisten en una transiión de fase
que puede ourrir uando se oloa un vapor en ondiiones de oexistenia on su fase
líquida en un reipiente on un sustrato sólido. El estudio de estas transiiones es un
área de gran interés debido a la omplejidad que presentan ya que pueden apareer
numerosos esenarios[13℄. Así, dependiendo de la magnitud de las interaiones sólido
líquido, sólidovapor y líquidovapor el sistema podrá pasar de tener una na pelíula
adsorbida sobre el sólido a formar sobre él una pelíula marosópia. Cuando estas
pelíulas son suientemente gruesas basta on una desripiión basada en la termod-
inámia lásia de superies para afrontar su estudio. En ambio, en la esala del
nanómetro esta desripión ya no es suiente y se requiere haer uso de una desrip-
ión mas detallada de las interaiones moleulares. Una forma de dar uenta de estas
interaiones es mediante el onepto de presión interfaial o, en inglés, disjoining pres-
sure, introduido por Derjaguin [14℄ y que permite aglutinar todas las interaiones
moleulares en una interaión efetiva entre el sustrato sólido y la interfase líquido
vapor. Alternativamente se puede emplear el orrespondiente potenial interfaial g(h),
denido omo la energía libre de una pelíula plana de espesor h en ondiiones de
oexistenia. Haiendo uso de éste se desarrolla el modelo del Hamiltoniano interfaial,
que proporiona una expresión senilla para las utuaiones de las ondas apilares, la
ual puede ser omparada tanto on resultados experimentales omo de simulaión. Este
modelo se detallará más adelante.
Como podemos imaginar, en la naturaleza existen multitud de tipos de interfas-
es, ada una de ellas on unas araterístias y omplejidades distintas: líquidogas,
líquidolíquido, sólidogas, sólidolíquido, et., además de existir interfases de pelíulas
adsorbidas, omo las menionadas anteriormente. Para poder entender el omportamien-
to y propiedades de ualquiera de ellas es importante tener una desripión preisa de
su estrutura. Para ello se dispone de ténias omo la difraión de luz [15℄, la difra-
ión de rayos X [16℄ o la mirosopía onfoal, ténia galardonada on el premio Nobel
en Químia en 2014 mediante la ual se ha onseguido la observaión direta de ondas
apilares para un sistema polimério oloidal [17℄.
No menos importante que la araterizaión estrutural es la araterizaión en-
ergétia, donde apareen dos términos fundamentales: la tensión superial, y la energía
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Figura 1. Representaión del ángulo θ formado entre la posiión promedio de la interfase plana,
representada por la línea disontinua, y la posiión loal intantánea de la interfase.
libre interfaial de exeso, γ. La tensión superial se dene omo el trabajo reversible
por unidad de área requerido para elongar una superie preexistente, mientras que
la energía libre interfaial de exeso se dene omo la antidad de trabajo reversible
requerido por unidad de área para rear una nueva superie entre dos fases en ondi-
iones de oexistenia termodinámia. En el aso de fases uidas, uando la energía libre
de exeso está expresada en términos del Gran potenial, Ω, la tensión superial y la
energía libre interfaial de exeso son equivalentes [18℄, por lo que de aquí en adelante
utilizaremos el término tensión superial, expresado omo γ, uando trabajemos on
interfases uidas. Por otra parte, uando al menos una de las fases impliadas es un
sólido aparee un nuevo onepto: la rigidez interfaial, γ˜, ó stiness en inglés. Ésta
está denida omo la resistenia que presenta la interfase a la deformaión, y al igual
que la tensión superial tiene dimensiones de fuerza por unidad de longitud. Energía
libre interfaial y rigidez están relaionadas entre sí según [19℄
γ˜(θ) = γ(θ) +
d2γ(θ)
dθ2
(1)
donde θ es el ángulo formado entre el vetor normal a la interfase plana y el vetor
normal a la posiión loal instantánea de la interfase tal y omo se muestra en la Fig.
1.
Finalmente, también es posible araterizar las propiedades dinámias de las in-
terfases. En este ontexto es muy útil el álulo de funiones de orrelaión temporales,
puesto que permiten estudiar los tiempos de relajaión araterístios de los distintos
proesos que ourren en ellas. Por ejemplo, a partir del tiempo de relajaión de las
ondas apilares presentes en una interfase es posible obtener el oeiente inétio, µ.
Este oeiente es un parámetro de espeial interés dentro del ampo del reimiento
ristalino, puesto que orresponde a la onstante de proporionalidad entre la veloidad
a la ual avanza el frente ristalino y el grado de subenfriamiento al ual se enuentra
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el líquido donde está reiendo el ristal.
De entre todos los tipos de interfases, las más estudiadas son las formadas entre dos
fases uidas, onretamente las formadas entre un líquido y un gas. En estos sistemas
la estrutura ha sido araterizada en un gran número de trabajos tanto desde el punto
de vista teório omo experimental [20, 18℄. Existen, además, multitud de ténias ex-
perimentales que permiten medir su tensión superial. De entre todas ellas, se pueden
destaar el método del anillo de Du Nouy, el método de la plaa de Wilhelmy o el méto-
do de asenso apilar. A pesar de todo esto, a nivel mirosópio, un ampo ada vez
más interesante debido al auge de la nanotenología, apareen aún muhas inógnitas
por resolver. Dentro de este nivel, donde la desripión atomístia de los sistemas obra
una importania vital, la simulaión por ordenador se presenta omo una herramienta
muy útil para el avane del onoimiento en esta direión [21, 22, 23, 24℄.
Una gran parte de esta tesis esta dirigida al estudio de interfases sólidas. En estas
interfases la omplejidad aumenta on respeto a la de las interfases uidas debido a
que la estrutura ristalina tiene una gran inuenia sobre muhas de sus propiedades
[25℄. En esta tesis nos enfrentamos a dos tipos de interfases on presenia de sólidos: in-
terfases sólidoliquido e interfases sólidovapor. Mientras que las interfases sólidovapor
son más fáiles de araterizar experimentalmente (difraión de rayos X, mirosopía
de fuerza atómia, et.), las interfases sólidolíquido presentan mayor diultad. Uno de
los prinipales retos, y que aún esta lejos de ser resuelto denitivamente, es la determi-
naión de la energía libre interfaial γsl. Esto se debe a que experimentalmente es muy
difíil de medir, llevándose a abo prinipalmente bien mediante estudios de nuleaión
o bien mediante estudios de ángulo de ontato. A partir de estudios de nuleaión se
puede alular la γsl, ya que la teoría lásia de nuleaión la relaiona diretamente
on la temperatura de subenfriamiento rítio para la ristalizaión del sólido desde el
líquido subenfriado [26℄. Este método presenta el problema de que γsl no se mide di-
retamente, sino que se estima en base a una interpretaión teória de la medida de la
tasa de nuleaión. Por otra parte, los experimentos de nuleaión suelen llevar asoiado
un elevado grado de error debido a la presenia de impurezas y de inhomogeneidades.
Además, el valor de γsl obtenido es el promedio sobre todas las orientaiones ristalo-
gráas, por lo que no es posible resolver la anistropía energétia del ristal. El método
del ángulo de ontato onsiste en medir el ángulo de interseión entre un sólido, un
líquido y una frontera de grano (o entre un sólido, un líquido y un vapor) y alular
γsl mediante la euaión de Young. En prinipio es posible determinar γsl on preisión
mediante este método, pero en la prátia hay bastantes aproximaiones y fuentes de
error.
Como omplemento a los estudios experimentales se han desarrollado importantes
estudios teórios para el álulo de γsl [27, 28℄, donde además se detallan fórmulas
explíitas para el perl de densidad y se estableen onexiones on la interfase líquido
vapor. Igualmente se ha empleado la simulaión moleular para alular γsl en una gran
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antidad de sistemas entre los que se enuentran: Lennard Jones [29, 30, 31℄, esferas duras
[32, 33, 34, 35℄, agua [36, 37℄, metales [38, 39, 40, 41℄ y loruro sódio [42, 43, 44, 45℄.
Como venimos viendo en los párrafos anteriores la simulaión moleular es una
potente herramienta para el estudio de sistemas a nivel mirosópio. Esta ténia está
basada en la meánia estadístia, que permite la prediión de propiedades marosópi-
as de la materia a partir de su desripión mirosópia. El origen de la simulaión
moleular se debe a Metropolis y olaboradores [46℄, que en 1953 publiaron el onoido
algoritmo de Metropolis, base de la simulaión por el método de Monte Carlo. Mediante
este método se lleva un sistema a una situaión de equilibrio termodinámio a partir de
modiaiones aleatorias del mismo. Poo después, en 1959, Alder y Wainwright desar-
rollaron la ténia de la Dinámia Moleular [47℄, basada en la resoluión numéria de
las euaiones de Newton, y omplementaria al método de Monte Carlo.
Desde la apariión de la simulaión moleular su empleo ha ido reiendo expo-
nenialmente y se ha apliado en prátiamente todos los ampos de la ienia. A pesar
del enorme potenial de esta ténia y los buenos resultados que lleva proporionando
durante más de medio siglo, hay que tener siempre presentes las limitaiones existentes.
La prinipal limitaión es que, al basarse en el álulo de interaiones entre moléulas,
es neesario onoer on preisión el potenial de interaión entre ellas. Esta tarea es
imposible de haer de forma exata, y siempre se utilizan aproximaiones de las que hay
que ser onsiente a la hora de interpretar los resultados. Además hay que tener en uen-
ta que el álulo de estos poteniales es una tarea muy ostosa omputaionalmente, por
lo que el tamaño de los sistemas de estudio se ve limitado a sistemas pequeños. Una de
las formas más habituales de reduir el tamaño del sistema uando se realizan estudios
de ondas apilares onsiste en rear interfases quasi-monodimensionales, donde uno de
los lados de la interfase es muho más pequeño que el otro. De esta forma es posible
estudiar la propagaión de una onda en la direión del lado largo de la interfase re-
duiendo onsiderablemente el número de moléulas presentes en el sistema. Igualmente,
a la hora de llevar experimentos de simulaión se reurre a truos omo el empleo de
termostatos y barostatos, que nos permiten reproduir las ondiiones termodinámias
de un laboratorio real, a osta de perturbar el sistema de forma artiial. Por tanto,
aunque estas ténias han demostrado ser eaes y proporionar resultados satisfato-
rios, es neesario saber en todo momento on qué aproximaiones se está trabajando.
Tal y omo se ha omentado anteriormente la simulaión moleular se ha empleado
en numerosos estudios para el álulo de propiedades en sistemas on interfases. Cuando
éstas están ompuestas por un únio tipo de moléulas es neesario busar algún riterio
que nos permita disernir entre moléulas perteneientes a ada una de las fases. Con
este n se utilizan parámetros de orden, que son apaes de lasiar a las moléulas en
funión de su entorno loal. En la bibliografía existen multitud de ellos [48, 49, 50, 51℄,
y la eleión de uno u otro dependerá tanto del sistema que estemos estudiando omo de
las fases que queramos separar. En esta tesis se aborda tanto el estudio de propiedades
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estátias omo dinámias de las interfases. Uno de los aspetos fundamentales estudiados
en esta tesis es el álulo de la energía libre interfaial de distintos sistemas, espeial-
mente de aquellos sistemas on interfases sólidouido. Atualmente existen distintos
métodos que nos permiten obtener la energía libre interfaial de estas interfases, entre
los que se enuentran el método de leaving [29℄, el método de utuaiones apilares
[38℄, el método de la metadinámia [52℄, el método de seeding [53℄, el método de tethered
Monte Carlo [54℄ o el método de integraión de molde [55℄. Sin embargo, a pesar de
toda esta variedad, existen muhos sistemas para los uales no se ha llegado aún a un
auerdo sobre el valor de su γsl. En esta tesis se estudian algunos de ellos mediante el
método de utuaión de ondas apilares.
En denitiva, existen multitud de tipos de interfases, ada uno de ellos on unas
propiedades araterístias distintas a las de las fases volumétrias que las omponen.
Atualmente estamos viviendo el auge de la nanotenología, debido a que en esta esala
las propiedades de los materiales ambian drástiamente. Con esto se abre la puerta al
desarrollo de nuevos dispositivos ada vez más eaes, no sólo enfoados al desarrollo
de la ienia sino también a mejorar nuestra vida otidiana. En este ontexto, donde las
propiedades interfaiales son al menos tan importantes omo las propiedades volumétri-
as paree de espeial importania profundizar en el onoimiento de las primeras y así
failitar el desarrollo de la nanotenología. Siguiendo este objetivo se han desarrollado
diversas ténias experimentales, algunas de ellas muy sostiadas, aunque la ompleji-
dad de algunos estos sistemas hae que aún queden muhos aspetos por resolver. Por
todos estos motivos, esta tesis se entra en el estudio de las ondas apilares presentes en
algunos tipos de interfases, empleando para ello la simulaión moleular.
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El prinipal objetivo de esta tesis es profundizar en el onoimiento de las interfases
mediante el estudio del fenómeno de ondas apilares. Este objetivo tan general se puede
onretar en los siguientes puntos:
• Estudiar el omportamiento de interfases adsorbidas on el n de mejorar la de-
sripión proporionada por el modelo del Hamiltoniano interfaial. Conreta-
mente se quiere estudiar la dependenia de la tensión superial y la presión de
disjunión on el espesor de la pelíula.
• Caraterizar la relajaión de las ondas presentes en una interfase sólidolíquido. En
partiular se pretende onoer los meanismos de relajaión de las ondas apilares
y las esalas de tiempo en las que sueden; además de alular los oeientes
inétios que determinan la veloidad de reimiento ristalino.
• Estudiar algunos aspetos metodológios del métodos de utuaiones apilares,
tales omo la geometría de la interfase, el efeto del tamaño del sistema, o el modo
de obtenión de la energía interfaial a partir de la rigidez.
• Determinar mediante el método de utuaiones apilares la energía libre interfa-
ial sólidoliquido de algunos sistemas de interés omo el loruro sódio o el agua.
Con esto se pretende avanzar en la araterizaión de este tipo de interfases donde
las medidas experimentales son difíiles de realizar y los estudios de simulaión
proporionan resultados ontraditorios. En este ontexto el loruro sódio es un
sistema muy ontrovertido, puesto que las disrepanias en los valores publiados
para su energía libre interfaial mediante simulaión moleular osilan entre los 36
y 99 mN·m−1.
• Caraterizar la estrutura de las interfases investigadas. En onreto se quieren
estudiar aspetos estruturales tales omo el perl de densidad a través de la
interfase o la estrutura ristalina del sólido en las eranías de la interfase para
distintos sistemas.
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Se pretende haer un estudio omparativo detallado de la estrutura de las tres
posibles interfases existentes en el punto triple del agua.
• Obtener informaión termodinámia de una interfase a partir de su superie
intrínsea. Desde un punto de vista energétio las interfases deberían ser planas,
dado que esta geometría minimiza el área de la interfase. Sin embargo, las ondas
apilares introduen una entropía que aumenta la superie de la interfase de
tal manera que el área intrínsea de la interfase es mayor que el área nominal
orrespondiente a una interfase plana. Así, mediante el estudio de la distribuión de
probabilidades de áreas intrínseas se pretende obtener informaión termodinámia
de la interfase.
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La Tesis Dotoral que aquí se presenta reoge el trabajo realizado por el andidato du-
rante los últimos uatro años. Con el objetivo de exponer este trabajo de una manera
lara, la memoria se ha dividido en tres partes prinipales: la Parte I, dediada al desar-
rollo del fundamento teório de las ténias y modelos empleados en esta tesis, la Parte
II, donde se exponen y disuten los resultados más relevantes obtenidos durante este
tiempo, y la Parte III, donde se reogen las prinipales onlusiones. La intenión de
este apartado es mostrar la relaión entre los distintos apítulos que omponen la parte
de resultados de esta tesis, así omo alarar la ontribuión del andidato en ada uno
de ellos.
El tema entral de esta tesis es el estudio de las ondas apilares por medio del
modelo del Hamiltoniano interfaial, empleando para ello la simulaión moleular. Según
este modelo la energía libre de una interfase viene dada por
H [h] =
∫
[g(h) +
1
2
γ
√
1 + (∇h)2 − h∆p]d~r (2)
En él apareen tres ontribuiones bien difereniadas. Por un lado, el término g(h) da
uenta de las interaiones de la interfase on un ampo externo. Por otra parte, el se-
gundo término onsta de dos omponentes: γ y
∫ √
1 + (∇h)2d~r. Si la interfase es uida
γ es la tensión superial, mientras que en el aso de fases sólidas el orrespondiente
oeiente es la llamada rigidez interfaial. En ambos asos
∫ √
1 + (∇h)2d~r es el área
de la interfase. Por tanto, este término tiene en uenta el oste energétio debido al
aumento del área interfaial omo onseuenia de la presenia de ondas apilares. Y
por último, el término h∆p, donde ∆p es la diferenia de presión volumétria entre las
fases que omponen la interfase, reeja la energía libre en funión de la saturaión del
sistema.
A lo largo de la tesis se han estudiado distintos esenarios posibles para este Hamil-
toniano, tal y omo se muestra a ontinuaión:
Caso 1: En ausenia de ampo externo, g(h) = 0.Dentro de este esenario nuestras
simulaiones se han llevado a abo en ondiiones de saturaión; esto es, ∆p =
0. Además hemos estudiado dos posibles situaiones:
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• Interfases uidas, donde se umple que γ = γlv. Este esenario lo enon-
tramos en el Capítulo 7.
• Interfases on presenia de una fase sólida donde la energía libre interfaial
depende de la orientaión ristalina γ ≡ γ(θ). Este esenario se estudia
en los Capítulos 2, 3, 4, 5 y 6 de resultados, parte II.
A pesar de trabajar en ondiiones de saturaión, las ondas apilares provoan
una urvatura en la interfase que genera utuaiones loales de presión, dando
lugar a una diferenia de presión entre las dos fases En este aso, el sistema no
se enuentra loalmente en equilibrio, sino que existe una diferenia de presión
que viene dada por ∆p = γ∇2h (euaión de YoungLaplae). Esta diferenia
de presión está relaionada on una diferenia de temperatura ∆T entre la
temperatura del sistema y la temperatura de oexistenia. La apariión de estas
utuaiones loales permite haer uso de teorías dinámias para relaionar la
dinámia del equilibrio on la tasa de reimiento ristalino haiendo uso de la
teoría de respuesta lineal. En esta tesis se hae uso de este fenómeno, análogo
a un esenario en en ondiiones de no saturaión, en el Capítulo 2, donde se
estudian propiedades dinámias de la interfase sólidolíquido.
Caso 2: En presenia de ampo externo, g(h) 6= 0.
• Presenia explíita de g(h). En este aso, la interfase siente un potenial
externo debido a fuerzas de van der Waals y uya forma es g(h) ∼ 1/h2.
Aquí la tensión superial presenta una dependenia on el espesor de
la pelíula. Esta dependenia aparee a través de un término adiional
sobre la γlv, y ha sido identíado en esta Tesis. Así, se obtiene que γ(h) =
γlv + ξ
2g′′(h), donde ξ es la longitud de orrelaión de las utuaiones.
Este esenario se emplea en el Capítulo 1
• Apariión de un g(h) efetivo. Este esenario se estudia en el Capítulo 6 y
permite expliar las propiedades de la pelíula que se forma al prefundir
el hielo antes de alanzar el punto triple.
• Las utuaiones de una interfase sólidouido se desriben efetivamente
mediante un ampo externo que sujeta la interfase sólida. Si g(h) 6= 0 nos
enontramos ante una interfase lisa, mientras que si g(h) = 0 la superie
es rugosa.
En el Capítulo 6 se estudia este posible esenario.
A ontinuaión se realiza una breve desripión de ada apítulo de resultados,
mostrando la ontribuión del andidato en ada uno de ellos.
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En el Capítulo 1 la ontribuión del andidato se entró en la realizaión de los
estudios de simulaión, así omo en el tratamiento de los resultados obtenidos.
El sistema empleado para el estudio es un modelo de Ar adsorbido sobre un sustrato
sólido en ondiiones de omplete wetting. Con este modelo se realizan simulaiones de
Monte Carlo para pelíulas de distinto espesor.
En un primer lugar se alula la disjoining pressure, Π(h), por dos métodos dis-
tintos, de los uales uno de ellos la alula de forma preisa a partir de propiedades
volumétrias, mientras que el otro úniamente da uenta de las ontribuiones del po-
tenial externo. En ambos asos el resultado muestra una disjoning pressure que se puede
expliar mediante el modelo de Hamaker-Derjaguin para pelíulas de tamaño superior
a tres diámetros moleulares.
En segundo lugar se analiza el espetro de las utuaiones apilares en el espaio
de Fourier, obteniéndose tanto la segunda derivada del potenial interfaial respeto de
h, g′′(h), omo la energía libre interfaial. En el aso de g′′(h), los resultados se omparan
on los obtenidos por integraión termodinámia y on el modelo propuesto obtenién-
dose muy buen auerdo entre los tres. Este heho onrma que g′′(h) está dominado
por las interaiones de van der Waals. En este aso el modelo de Hamaker-Derjaguin
funiona para pelíulas que superen los ino diámetros moleulares. En el aso de la
tensión superial se obtiene una dependenia lara on el espesor de pelíula para
pelíulas pequeñas. Esta dependenia, ya mostrada anteriormente [56, 57℄, se puede
expliar onsiderando úniamente la inuenia del ampo externo.
Finalmente se alula la longitud de orrelaión paralela, obteniéndose un valor
mínimo umbral en torno a un diámetro moleular.
En el Capítulo 2, que también está desarrollado en su totalidad por el andidato,
se estudia la dinámia de las ondas superiales de la interfase sólidouido para tres
sistemas distintos, véase, esferas duras, Lennard-Jones y agua TIP4P/2005.
Mediante un análisis de dihas ondas se obtienen las funiones de autoorrelaión
de sus modos de Fourier. Un uidadoso análisis de estas funiones de autoorrelaión
permite observar que el proeso de relajaión de las ondas apilares se produe en dos
esalas temporales bien difereniadas: una lenta y una rápida. Para el proeso de rela-
jaión responsable de la esala lenta se obtiene una ley de esala válida para todos los
sistemas, que se puede expliar mediante un proeso de difusión de la interfase omo
onseuenia de su ontinuo fundido y reristalizaión. El proeso rápido no ha podido
ser araterizado en tanto detalle pero reemos que está asoiado on la vibraión de
átomos interfaiales y los fonones del ristal.
Comparando los tres modelos se observa que el proeso de relajaión en el agua es
un orden de magnitud más lento que en los otros dos sistemas, debido a los grados de
libertad orientaionales.
Finalmente se obtienen los oeientes inétios que determinan la tasa de re-
19
Disusión integradora
imiento ristalino para todos las aras ristalinas estudiadas.
El Capítulo 3 está igualmente desarrollado en su totalidad por el andidato. Este
apítulo se entra en el estudio de la geometría de la interfase mediante el empleo
del modelo de Broughton y Gilmer para el LennardJones. Conretamente se estudia
si existen diferenias entre los resultados obtenidos para las stiness y la energía libre
interfaial de distintas orientaiones del ristal uando se pasa de tener interfase elongada
quasimonodimensional a una interfase uadrada.
Los resultados obtenidos muestran que ambas geometrías proporionan resulta-
dos ompatibles salvo uando en la interfase se expone el plano (111). En este aso,
la geometría uadrada proporiona el mismo valor de la stiness para dos direiones
de propagaión de la onda de auerdo on onsideraiones teórias. Por el ontrario la
geometría quasimonodimensional no muestra el omportamiento esperado sino que pro-
poriona valores laramente distintos para ada una de las direiones de propagaión.
Un análisis detallado de este plano muestra que, para una da las orientaiones de la ge-
ometría quasimonodimensional, se produe una transiión de fase desde la estrutura
f a una estrutura hp.
Finalmente se estudia la inuenia que tiene en el parámetro de orden el heho de
oloar una fase líquida junto a una fase f perfeta, obteniéndose omo resultado una
araterizaión errónea de la estrutura ristalina de la fase ristalina.
El Capítulo 4, también realizado íntegramente por el andidato, está dediado
el estudio del NaCl mediante el modelo de Tosi-Fumi. En este trabajo se emplea la
Dinámia Moleular para alular la γsl promedio del sistema mediante el análisis de
distintas orientaiones ristalográas.
Al igual que en el Capítulo 3 se estudian dos geometrías distintas de la interfase
observándose igualmente disrepanias entre ambas uando el plano (111) se expone
en la interfase. El valor obtenido para γsl de 89 ± 6 mN·m−1 es ompatible on otros
publiados previamente, onretamente on aquellos obtenidos mediante el álulo de
barreras de energía libre de nuleaión mediante simulaión moleular [44℄. Sin embargo,
hoa drástiamente on el obtenido, también por simulaión moleular, mediante la
mediión del ángulo de ontato [43℄. Este último método proporiona un valor de γsl
de 36 mN·m−1, y en este apítulo se disute su bondad debido al efeto de la tensión de
linea [58℄.
Este trabajo muestra además que algunas orientaiones presentan un ompor-
tamiento anómalo, on una stiness que paree no onverger al límite termodinámio
a medida que aumenta la esala de longitud de las ondas apilares. En este apítulo se
argumenta que diha anomalía se puede deber a inestabilidades en iertas direiones
de propagaión de la onda.
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El Capítulo 5 está desarrollado íntegramente por el andidato. En él se lleva a abo
un estudio de la interfase sólidolíquido para el modelo de agua TIP4P/2005 mediante
Dinámia Moleular, estudiándose distintas orientaiones que inluyen los prinipales
planos ristalográos del hielo hexagonal (Ih).
Los resultados de este estudio muestran que el anho de la interfase es de unos
4-5 diámetros moleulares independientemente de la orientaión, y que uando el plano
expuesto en la interfase es el plano basal puede ourrir reristalizaión en forma de hielo
I en algunas regiones de diha interfase.
En uanto a los valores de γsl se obtiene un valor promedio de 27 ± 2 mN·m−1, y
valores de 27 ± 2, 28 ± 2 y 28 ± 2 mN·m−1 para los planos basal, prismátio primario
y prismátio seundario, respetivamente. A pesar de que el error en el álulo no per-
mite saar onlusiones denitivas sobre la anisotropía energétia de las aras, si que
paree que el plano basal es menos energétio que los planos primarios, de auerdo on
lo obtenido para otros modelos de agua de la familia TIP4P.
En el Capítulo 6 el andidato ontribuyó mediante la realizaión de las simulaiones
y el tratamiento y disusión de los resultados obtenidos. En este apítulo se estudia el
punto triple del agua TIP4P/2005 mediante Dinámia Moleular. En onreto se estudia
la rugosidad de las interfases para sistemas hieloagua y el omportamiento de la pelíula
líquida formada sobre el hielo en las interfases hielovapor.
Los resultados de las simulaiones muestran la existenia de una interfase rugosa
para todas las aras ristalográas estudiadas, en desauerdo on las observaiones
experimentales. Además, hemos visto que para longitudes de onda largas la super-
ie hielo/pelíula se omporta omo la interfase hielo/agua, mientras que la superie
pelíulavapor lo hae omo la agua/vapor. El omportamiento de las pelíulas líquidas
se intenta modelizar mediante el Hamiltoniano interfaial. Para ello se onsidera que el
hielo atúa omo un sustrato sólido sobre el ual aparee una pelíula adsorbida. Así, se
puede onsiderar que diha pelíula se enuentra bajo la inuenia de un ampo externo.
En el Capítulo 7 la ontribuión del andidato se entró en la obtenión y disusión
de los resultados, así omo en el desarrollo de la teoría. En este apítulo, se estudia la
distribuión de probabilidad de obtener un valor determinado del área intrínsea de
la interfase. Para ello se emplea un modelo LennardJones y desarrolla un método de
loalizaión de diha interfase, así omo un método para el álulo de su orrespondiente
área. Esta distribuión de probabilidad se analiza mediante un modelo teório que da
uenta de las ontribuiones energétias y entrópias al área intrínsea.
Los resultados obtenidos mediante el análisis de las distribuiones muestran una
tensión superial dependiente del área intrínsea. Se observa, además, que existe una
resoluión para la ual la distribuión del área intrínsea proporiona la tensión super-
ial marosópia.
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Capítulo 1
Métodos de Simulaión Moleular
La simulaión moleular es una herramienta que permite obtener propiedades marósópi-
as de un sistema a partir de su desripión atómia. Su fundamento está en el álulo
de interaiones entre moléulas a partir de sus poteniales de interaión, y la relaión
entre la desripión atomístia y las propiedades marosópias se lleva a abo mediante
la termodinámia estadístia. Debido a su aráter preditivo tiene un enorme rango de
apliaión, permitiendo realizar experimentos en ondiiones extremas que pueden llegar
a ser imposibles de alanzar en un laboratorio real. En este apítulo se desriben los dos
métodos de simulaión existentes, el método de Monte Carlo y la Dinámia Moleular,
entrándonos en las ténias empleadas en esta tesis.
1.1 Monte Carlo
El método de Monte Carlo (MC) es un método de simulaión que permite obtener
propiedades marosópias de equilibrio de un sistema mediante el estudio de distintas
onguraiones representativas del mismo generadas al azar.
Según la termodinámia estadístia, ualquier observable O que se quiera estudiar
va a depender de las oordenadas de todas las partíulas del sistema O(rN) [1, 2℄ según
< O >=
∫
O(rN)e−βU(r
N )drN∫
e−βU(rN )drN
(1.1)
donde rN son las oordenadas de las N partíulas del sistema, β = 1/kBT y U(r
N)
es la energía potenial del sistema.
Según esto, a priori sería posible hallar el valor del observable resolviendo ambas
integrales. Sin embargo, resolver integrales del tipo
∫
e−βU(r
N )drN es muy ompliado y
sólo puede realizarse analítiamente en algunos asos muy senillos. Por esta razón es
neesario utilizar un método numério que permita evaluar dihas integrales.
El método de Monte Carlo propone una soluión numéria más eaz que, por
ejemplo, una uadratura de Simpson. En él, las integrales no se resuelven en puntos
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determinados de antemano, sino que se evalúan en puntos generados al azar. Lógia-
mente, el promedio será más exato uantos mas puntos se empleen en su álulo. Es
aquí donde aparee el prinipal problema del método. Como se puede observar en la E.
1.4, las integrales ontienen un fator de Boltzmann, que tiende a ero en la mayoría
de los asos, y que hae que la mayor parte del tiempo de álulo se invierta en puntos
uya informaión es irrelevante. Por este motivo se emplea la ténia de Muestreo Sig-
niativo, basada en la idea de evaluar las integrales preferentemente en puntos donde
el fator de Boltzmann no sea despreiable.
Sin embargo, en una gran parte de los asos nuestro interés no es evaluar ambas
integrales por separado, sino que nos basta on onoer su razón. Con este objetivo, el
método de Metropolis [3℄ propone una estrategia que permite apliar un Monte Carlo
más eiente para el álulo de diha razón. A ontinuaión se detalla este método.
Si se dene la parte onguraional de la funión de partiión omo Z:
Z =
∫
e−βU(r
N )drN (1.2)
se puede expresar la densidad de probabilidad de enontrar al sistema en una
onguraión determinada en torno a r
N
omo
P (rN) ≡ e
−βU(rN )
Z
(1.3)
Si ahora se pueden generar puntos al azar en una onguraión espaial que siga
esta distribuión de probabilidad se puede estableer,
< O >≈ 1
L
∑
i
O(rNi ) (1.4)
donde L es el número total de puntos generados y el sumatorio orre úniamente
sobre los estados visitados, es deir aquellos uyo fator de Boltzmann es no nulo.
Así pues, el método de Monte Carlo permite evaluar la E. 1.4 determinando
la probabilidad relativa e−β∆U(r
N )
entre estados suesivos, obviando así la evaluaión
exlpíita de Z.
Con el objetivo de evaluar el potenial úniamente en aquellos puntos donde el
fator de Boltzmann es signiativo, lo que hae el método de Metropolis es partir de
una onguraión iniial r
N
denominada o (del inglés old) uyo fator de Boltzmann es
e−βU(o). Desde esta onguraión se intenta pasar a una nueva onguraión de prueba
r'
N
, en este aso llamada n (del inglés new) y on fator de Boltzmann e−βU(n), mediante
la adiión de un pequeño desplazamiento ∆ a la oguraión o. Ahora hay que ver si
este movimiento se aepta o se rehaza. Para ello hay que determinar la probabilidad de
realizar una transiión π(o→ n) desde o hasta n. Además se debe umplir la ondiiión
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de que ualquier variaión que se produza en el sistema no afete a su distribuión de
equilibrio, por lo que el número de movimientos aeptados desde o hasta n debe ser
exatamente igual al número de movientos aeptados desde n hasta o. Esta ondiión,
llamada de balane detallado, se puede expresar omo
P (o)π(o→ n) = P (n)π(n→ o) (1.5)
donde P (o) y P (n) son las probabilidades de enontrarnos en los estados antiguo y
nuevo, respetivamente.
Para onstruir la matriz π(o → n) hay que tener en uenta que un movimiento
de Monte Carlo onsta de dos etapas. La primera onsiste en realizar un movimiento al
azar desde o hasta n on una probabilidad determinada. A esta matriz de probabilidad
se le onoe omo α(o → n). A ontinuaión hay que determinar si el movimiento es
aeptado o rehazado, deniendo la probabilidad de aeptaión omo acc(o → n). Por
tanto,
π(o→ n) = α(o→ n)× acc(o→ n) (1.6)
En el método original de Monte Carlo α se esoge de forma que sea una matriz
simétria; esto es, α(o→ n) = α(n→ o), lo que permite esribir
P (o)× acc(o→ n) = P (n)× acc(n→ o) (1.7)
aunque en métodos posteriores se puede denir de distintas formas.
De la euaión anterior se puede estableer
acc(o→ n)
acc(n→ o) =
P (n)
P (o)
= e−β[U(n)−U(o)] (1.8)
De entre todas las opiones que existen para acc(o → n) y que satisfaen la
euaión anterior, el método de Metropolis esoge aquella en la que
acc(o→ n) = P (n)/P (o) si P (n) < P (o)
= 1 si P (n) ≥ P (o) (1.9)
En resumen, en el método de Metropolis la probabilidad de que se realie una
transiión desde un estado o hasta un estado n viene dada por
π(o→ n) = α(o→ n) P (n) ≥ P (o)
= α(o→ n)[P (n)/P (o)] P (n) < P (o)
π(o→ o) = 1−∑n 6=o π(o→ n) (1.10)
Una gran ventaja de este método es la gran libertad que se onsigue a la hora
de elegir la matriz α, pues la únia ondiión que se le ha impuesto es que debe ser
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simétria. Hasta ahora se ha hablado de la probabilidad de aeptar un movimiento,
pero no se ha expliado ómo se deide si el movimiento se aepta o se rehaza. El
proedimiento habitual es el siguiente. Supongamos que se produe un movimiento de
prueba, on una probabilidad de ser aeptado
acc(o→ n) = e−β[U(n)−U(o)] < 1 (1.11)
Para ver si el movimiento se aepta o se rehaza lo que se hae es generar un
número al azar denominado Ranf a partir de una distribuión uniforme en el intervalo
[0,1℄. Si Ranf <acc(o→ n) el movimiento se aepta, mientras que en el aso ontrario se
rehaza. Esto garantiza que la probabilidad de aeptar un movimiento sea exatamente
igual a acc(o → n). Obviamente es impresindible que los números generados al azar
estén distribuidos de manera perfetamente uniforme en el intervalo [0,1℄.
A este proeso, en el ual ada nueva onguraión que alanza el sistema se
obtiene mediante una pequeña modiaión de la onguraión anterior, se le onoe
on el nombre de Cadena de Markov.
En resumen, el algoritmo de Metropolis Monte Carlo onsta de las siguientes eta-
pas:
1. Seleionar una onguraión o al azar y alular su fator de Boltzmann e−βU(o).
2. Produir una perturbaión ∆ en el sistema para obtener la nueva onguraión n.
3. Calular el fator de Boltzmann de la nueva onguraión e−βU(n).
4. Aeptar el movimiento de o a n on probabilidad
acc(o→ n) = min (1, e−β[U(n)−U(o)]) (1.12)
1.1.1 Monte Carlo Gran Canónio
Las euaiones presentadas en el apartado anterior orresponden al oletivo anónio,
donde las variables termodinámias número de moléulas, volumen y temperatura se
mantienen onstantes. Sin embargo, el método de Monte Carlo se puede apliar en otros
oletivos mediante la jaión de las variables termodinámias adeuadas. La eleión
de las variables que han de mantenerse onstates durante la simulaión, o lo que es lo
mismo el oletivo que vamos a simular, dependerá del tipo de experimento que queramos
realizar y la informaión que queramos extraer de él.
En algunos asos, por ejemplo en estudios de adsorión, nuestro interés se entra
en obtener informaión sobre el número medio de partíulas presentes en un sistema
en funión de las ondiiones externas. Por tanto para estos estudios es neesario un
oletivo que permita tener utuaiones en el número de partíulas presentes en el
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sistema. Este oletivo, que se onoe omo oletivo Gran Canónio, fue originalmente
desrito por Norman y Filinov [4℄ y más tarde desarrollado por Adams [5, 6℄. En él,
las variables termodinámias que se jan son el potenial químio µ, el volumen V y la
temperatura T .
Para su implantaión en un programa de simulaión, iniialmente se esoge al
azar si se va intentar aumentar el número de moléulas del sistema, N , (movimiento
de inserión) o si por el ontrario se va a intentar disminuir (movimiento de borrado).
Siguiendo el riterio de Metropolis, estos movimientos se aeptan on una probabilidad
acc(o→ n) = min(1, q) (1.13)
donde q viene dada por
q =
α(n→ o)
α(o→ n)
P (n)
P (o)
(1.14)
Teniendo en uenta que las partíulas de un sistema son indistinguibles, la expre-
sión para P es
P = Λ−3NeβµNe−βUN (1.15)
donde Λ es la longitud de onda térmia de de Broglie.
Si ahora suponemos que estamos intentando un movimiento de inserión, la relaión
entre las probabilidades de los estados nuevo y antiguo viene dada por
P (N + 1)
P (N)
= Λ−3eβµe−β(UN+1−UN ). (1.16)
La peuliaridad de este oletivo reside en que, en él, la matriz de probabilidad
α no es simétria. En el aso de un movimiento de inserión depende del volumen del
sistema según
α(N → N + 1) = 1
2
V, (1.17)
mientras que uando se intenta un movimiento de borrado depende del número de
partíulas que haya en el sistema
α(N + 1→ N) = 1
2
(N + 1) (1.18)
Así, la relaión que queda entre ambas matries es
α(n→ o)
α(o→ n) =
α(N + 1→ N)
α(N → N + 1) =
1
2
1
N + 1
(1.19)
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Es neesario omentar que el fator de 1/2 presente en las E. 1.17 y 1.18 aparee
omo onseuenia de intentar un movimiento u otro on la misma probabilidad.
Si ahora introduimos las E. 1.16 y 1.19 en la E. 1.13 obtenemos para el movimien-
to de inserión
acc(N → N + 1) = V Λ
−3
N + 1
eβµe−β(UN+1−UN ) (1.20)
Análogamente, para el movimiento de borrado obtendríamos
acc(N → N − 1) = N
V Λ−3
e−βµe−β(UN−1−UN ) (1.21)
1.1.2 Movientos de muestreo espeiales: Sesgo Conguraional
En algunas oasiones la aeptaión de los movimientos de muestreo del sistema es muy
baja, por lo que es neesario diseñar movimientos originales que permitan un mejor
muestreo. Uno de estos movimientos es el Sesgo Conguraional, onoido en inglés
omo Congurational Bias. Este método, diseñado en un origen para el álulo del po-
tenial químio de polímeros en red, fue desarrollado originariamente por Siepmann en
1990 [7℄. Posteriormente, en 1992 el método se desarrolló omo método de muestreo para
polímeros en red dentro del oletivo anónio [8℄, y se aplió al ontinuo [9℄. Simultánea-
mente Frenkel y olaboradores también extendieron el método al ontinuo, empleándolo
bien para el álulo de poteniales químios o bien omo método de muestreo [10℄. Desde
entones el método ha ido ampliando su ampo de apliaión y se ha extendido a otros
oletivos omo el oletivo de Gibbs [11, 12, 13℄ o el oletivo Gran Canónio [14℄. La
idea de este método es favoreer el reimiento seuenial de aquellas adenas poliméri-
as on una alta probabilidad de ourrir. Para ello se divide la adena poliméria en l
segmentos, uya orientaión está determinada por un vetor bl, y que se haen reer
según la estrategia de Rosenbluth [15℄. Para ello se alulan tanto el fator de peso
orrespondiente a la nueva onguraión, W (n), omo el fator de la onguraión de
partida W (o). Por último, el movimiento se aepta o se rehaza on una probabilidad
acc(o→) = min (1,W (n)/W (o)) (1.22)
donde
W (n) =
∏
l
wl(n) (1.23)
siendo wl(n) los fatores de Rosenbluth pariales, que dependen de la orientaión de los
segmentos. El empleo de los fatoresW , onoidos omo fatores de Rosenbluth globales,
garantiza que todas las onformaiones están muestreadas on el peso de Boltzman
orreto. En nuestro aso, este movimiento no se aplia a adenas polimérias sino a
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átomos, por lo que el movimiento onsiste en retirar una moléula al azar del sistema e
intentar oloarla en otro punto donde la probabilidad de aeptar el movimiento es alta.
1.2 Dinámia Moleular
Alternativamente al método de Monte Carlo, la ténia de Dinámia Moleular (MD)
permite obtener propiedades de equilibrio y de transporte de un sistema mediante la
integraión de las euaiones de movimiento de Newton [1, 16℄. Al integrar dihas eua-
iones para ada una de las partíulas que omponen el sistema, es posible onoer la
variaión de sus posiiones y momentos on el tiempo. De esta forma, si somos apaes
de expresar una propiedad en funión de las posiiones y momentos de las partíulas
del sistema, podremos alular su promedio temporal. Al igual que ourre on los ex-
perimentos reales, uanto mayor sea el tiempo de observaión, mejor será el promedio
obtenido.
Aunque hasta el momento hemos diho que durante las simulaiones de Dinámia
Moleular se obtienen las posiiones y los momentos de las partíulas, lo que se alula
en realidad no son las veloidades de las partíulas sino las fuerzas que atúan sobre
ellas. Así, la fuerza que siente una partíula i debido a la interaión on el resto de
partíulas del sistema, en un tiempo t determinado, vendrá dada por
fi(r, t) = −∇U(rN , t). (1.24)
Una vez que se tienen aluladas las fuerzas se pasa a la integraión de las eua-
iones de Newton. Para ello, existen distintos algoritmos, siendo el más empleado el
algoritmo de Verlet [17℄ debido a su simpliidad [1, 16℄. A ontinuaión se muestra el
funionamiento de este algoritmo.
En primer lugar se lleva a abo un desarrollo en series de Taylor de la posiión de
una partíula i en torno al tiempo t
ri(t+∆t) = ri(t) + vi(t)∆t +
1
2
ai(t)∆t
2 +
1
3!
d3ri
dt3
∆t3 +O(∆t4), (1.25)
y de la misma forma se puede haer la expansión para un tiempo anterior según
ri(t−∆t) = ri(t)− vi(t)∆t + 1
2
ai(t)∆t
2 − 1
3!
d3ri
dt3
∆t3 +O(∆t4). (1.26)
Y sumando ambas expresiones se obtiene
ri(t +∆t) + ri(t−∆t) = 2ri(t) + ai(t)∆t2 +O(∆t4). (1.27)
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Ahora podemos trunar esta expresión en el término orrespondiente a la ael-
eraión de la partíula, y estaremos ometiendo un error del orden de ∆t4, donde ∆t es
el paso de tiempo empleado en la simulaión. De esta forma la E. 1.27 queda omo
ri(t+∆t) ≈ 2ri(t)− ri(t−∆t) + ai(t)∆t2. (1.28)
Como se puede observar el algoritmo de Verlet requiere onoer las posiiones en un
tiempo (t−∆t) para poder alular las nuevas y no es neesario onoer las veloidades
de las partíulas. Sin embargo, el álulo de las veloidades es muy útil, puesto que
permite alular la energía inétia del sistema. En este sentido, el algoritmo de Verlet
permite alular la veloidad de una partíula a partir de suma de las E. 1.25 y 1.26
obteniéndose:
ri(t+∆t)− ri(t−∆t) = 2vi(t)∆t +O(∆t2) (1.29)
por lo que
vi(t) =
ri(t+∆t)− ri(t−∆t)
2∆t
+O(∆t2) (1.30)
Un aspeto fundamental de las simulaiones de Dinámia Moleular es, omo se
ha omentado anteriormente, que el error ometido en el trunamiento de la serie de
Taylor es del orden de ∆t4. Por este motivo la eleión de este parámetro es ruial, y en
la prátia es neesario busar un ompromiso entre un valor suientemente pequeño
que permita la estabilidad numéria de la simulaión (y on ello la onservaión de la
energía) y uno lo suientemente grande que haga que nuestras simulaiones no sean
desorbitadamente largas.
1.2.1 Simulaiones a temperatura onstante: termostato veloity
resaling modiado
Hasta ahora, hemos hablado de simulaiones en el oletivo NVE, donde se mantienen
jas el número de moléulas, N, el volumen, V, y la energía, E. Sin embargo, en muhos
asos es más prátio jar algunas variables termodinámias on el objetivo de realizar
simulaiones en otros oletivos. En el aso del oletivo anónio (NVT) es neesario
haer uso de un termostato que permita mantener onstante la temperatura del sistema.
En las simulaiones de Dinámia Moleular, la temperatura del sistema se dene a
partir de la energía inétia, de auerdo on el prinipio de equipartiión de la energía.
En onreto tenemos que el promedio de la energía inétia por ada grado de libertad
del sistema es 〈
1
2
mv2ω
〉
=
1
2
kBT (1.31)
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donde m es la masa de la partíula y ω representa una omponente de la veloidad.
Puesto que en la prátia lo que nos interesa es mantener onstante la temperatura
del sistema en su onjunto, debemos alular la temperatura mediante la medida de la
energía inétia total del sistema dividida por el número de grados de libertad. Teniendo
en uenta que la energía total de un sistema puede utuar, también lo puede haer la
temperatura, por lo que la temperatura instantánea en un tiempo t determinado se
dene omo
T (t) =
N∑
i=1
miv
2
i (t)
kBNl
(1.32)
donde Nl = 3N − 3 es el número de grados de libertad de un sistema on N
partíulas y vi es la veloidad de ada una de las partíulas del sistema en un instante
de tiempo t.
Como se puede observar, para poder alular la temperatura es neesario onoer
la veloidad de las partíulas, uya expresión viene por la E. 1.30.
Por tanto, on el objetivo de mantener onstante la temperatura, en las simula-
iones de dinámia moleular se hae uso de termostatos, que atúan modiando las
veloidades de las partíulas ada ierto tiempo. Atualmente se dispone de una gran
variedad de termostatos [18, 19, 20, 21, 22, 23℄, pero aquí sólo se va a desribir una ver-
sión mejorada del termostato veloityresaling [24℄, que ha sido el que se ha empleado
en las simulaiones de la tesis.
La idea de este termostato es que las veloidades de todas las partíulas se pueden
multipliar simultáneamente por un mismo fator α de forma que la energía inétia
total del sistema, K, sea igual a la energía inétia objetivo, Ko, orrespondiente a la
temperatura deseada. De esta forma el fator α se alula omo
α =
√
Ko
K
(1.33)
A diferenia del termostato veloityresaling lásio, donde la energía inétia
objetivo se extrae al azar de la distribuión anónia de equilibrio, en este aso no es
neesario extraerla de diha distribuión, sino que basta on que los ambios aleatorios
que se produen en la energía inétia permitan que ésta mantenga su distribuión
anónia inalterada.
Para ello lo que se hae es lo siguiente:
1. Dejar evoluionar el sistema resolviendo las euaiones de Newton.
2. Calular la energía inétia.
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3. Dejar evoluionar la energía inétia del sistema durante un tiempo equivalente al
que ha evoluionado el sistema utilizando una dinámia estoástia auxiliar dada
por
dK = (Ko −K)dt
τ
+ 2
√
KKo
Nl
dW√
τ
(1.34)
donde dW es un ruido de Wiener y τ es un parámetro on unidades de tiempo
que determina la esala de tiempo del termostato.
4. Reesalar la energía inétia del sistema al valor obtenido en el punto anterior.
Esta variaión, donde la únia restriión es que la energía inétia mantenga
su distribuión anónia, presenta dos ventajas laras frente a la versión original del
termostato. Por un lado, se puede obtener Ko a partir del valor anterior K, de forma
que las veloidades de las partíulas sufren ambios muho menos drástios que uando
Ko se obtiene diretamente de la distribuión de probabilidad gaussiana. Y por el otro,
existe una magnitud, análoga a la energía en el oletivo miroanónio, que se debe
onservar durante la simulaión. Este segundo heho es de espeial relevania, ya que
nos permite saber si las onguraiones que se están obteniendo perteneen al oletivo
anónio.
1.2.2 Simulaiones a presión onstante: barostato de Parrinello
Rahman
En muhas oasiones el oletivo anónio (NVT) puede no ser el más adeuado para
llevar a abo las simulaiones. Esto ourre, por ejemplo, uando queremos onoer las
dimensiones de equilibrio de un sólido a una determinada presión o el efeto de la
omposiión de un disolvente en una mezla. En estos asos es muho más útil usar
el oletivo NpT. Para poder llevar a abo simulaiones en este oletivo es neesario
haer uso de un barostato que nos permita mantener la presión del sistema en el valor
deseado. Al igual que en el aso de los termostatos, existen diversos tipos de barostatos
[18, 25℄ pero igualmente sólo se va a omentar el barostato empleado en las simulaiones:
el barostato de ParrinelloRahman [26℄. Este barostato es una extensión del barostato
de Andersen [18℄ en el que se permite modiar la forma de la aja de simulaión. Su
funionamiento onsiste en modiar una matriz b, uyos omponentes denen la forma
de la forma de la aja de simulaión, de auerdo a un Hamiltoniano extendido que
inorpora las dimensiones de la aja omo variables meánias, de forma que:
d2b
dt2
= VW−1b′−1(P − Po) (1.35)
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donde V es el volumen de la aja, P es la presión del sistema, Po es la presión
objetivo y W es la matriz de parámetros que determina la fortaleza de aoplamiento del
barostato. Por tanto es neesario onoer el valor de W , que viene dado por
W−1 =
4π2β
3τ 2pL
(1.36)
donde β es la ompresibilidad isotérmia, τp es la onstante de tiempo y L es el
elemento más grande de la matriz de la aja, b.
Una gran ventaja de este barostato es que, en prinipio, es apaz de onseguir el
verdadero oletivo NpT, además de poder ombinarse on ualquier termostato.
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Capítulo 2
Modelo del Hamiltoniano Interfaial
El oste energétio de una interfase juega un papel fundamental en fenómenos de nu-
leaión y reimiento de una fase estable en el seno de otra metaestable. Así, por
ejemplo, la tasa de apariión de ristales en un líquido subenfriado y la forma on
que dihos ristales reen, están ampliamente determinadas por la energía interfaial
líquidoristal. Además, la nanotenología es una ienia en pleno auge que permite
el desarrollo de dispositivos a esala nanométria, los uales ofreen la posibilidad de
trabajar on antidades ínmas de líquidos [27, 28℄. En este ontexto los fenómenos de
superie obran espeial importania [29℄.
Al adentrarnos en la esala mirosópia es posible observar que las interfases se
desvían de la planaridad debido a las ondas apilares produidas por la agitaión térmia,
fenómeno que se observa tanto en interfases líquidas omo sólidas. En este sentido es
importante estableer un vínulo entre el omportamiento mirosópio del sistema, a
nivel de ondas apilares, on la energía marosópia interfaial.
Una forma de estableer diho vínulo es mediante el empleo de Hamiltonianos, que
pueden ser de distinta naturaleza [30℄. En esta tesis, se va trabajar bajo la aproximaión
del Modelo del Hamiltoniano Interfaial (IHM). Este Hamiltoniano se arateriza por
ser apaz de desribir propiedades de un sistema de geometría arbitraria a partir de
propiedades de pelíulas planas. Así, en él aparee un término asoiado a la tensión
superial orrespondiente a una interfase plana, y un término asoiado al potenial
interfaial g(h) ó energía libre de una pelíula plana. A ontinuaión se muestran los
detalles de este modelo [31℄.
Para omenzar vamos a onsiderar una interfase uida, por ejemplo entre un líquido
y un gas. En reposo, esta interfase no es plana sino que, debido a la agitaión térmia,
presenta ondulaiones relativamente grandes onoidas omo ondas superiales. Para
una esala de longitudes por debajo de la longitud apilar, estas ondas se onoen omo
ondas apilares [32, 33℄ y están gobernadas básiamente por la tensión superial. Por
tanto, la posiión loal de la interfase en un instante determinado se puede denir omo
una funión h(~rx,y), que determina la altura de la pelíula de líquido medida desde
un plano de referenia. Así, a ada elemento diferenial de área de la interfase d~rx,y le
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orresponde, omo onseuenia de la interaión on un ampo externo, una energía
libre g(h(~rx,y)) determinada por la altura de la pelíula en ese punto. Además de esta
ontribuión, hay que tener en uenta que la interfase es inhomogénea, por lo que hay
que dar uenta del efeto que el aumento del área interfaial tiene sobre la energía total
de la interfase. Con esto podemos esribir el Hamiltoniano Interfaial omo
H [h(~rx,y)] =
∫ [
g(h(~rx,y)) + γ
(√
1 + [∇h(~rx,y)]2
)]
d~rx,y (2.1)
donde γ es la tensión superial líquidovapor. Analizando en detalle esta euaión
podemos ver que el primer término da uenta de la energía libre de la pelíula en funión
de su altura, mientras que el segundo da uenta del aumento que se produe en la energía
al aumentar el área interfaial a través de la tensión superial.
La importania de este Hamiltoniano es muy grande, ya que sirve omo base
para la mayor parte de estudios de fenómenos de superie inluyendo el estudio de
ondas apilares [34℄, fenómenos de wetting [35℄, la prediión de la forma de gotas [36℄,
la medida de tensiones de linea [37℄, la determinaión de la estrutura de pelíulas
adsorbidas sobre superies estruturadas [38℄, y la dinámia de dewetting [39℄.
En este aso nos vamos a entrar úniamente en el estudio de ondas apilares,
mostrando la informaión que es posible extraer de este Hamiltoniano.
En un primer lugar onsideramos un límite de pequeños gradientes, (∇h(~rx,y))2 <<
1. Esto nos permite deshaernos de la raíz uadrada en 2.1 obteniendo :
H [h(~rx,y)] =
∫ [
g(h(~rx,y)) + γ
(
1 +
1
2
(∇h(~rx,y))2
)]
d~rx,y (2.2)
Si ahora tomamos omo plano de referenia para medir la altura el plano medio de
la interfase, h¯, y denimos las utuaiones loales de la interfase en torno a este plano
δh(~rx,y) = h(~rx,y)− h¯, podemos haer un desarrollo de Taylor de g(h(~rx,y)) en torno a h¯
de forma que
H [h(~rx,y)] =
∫ [
g(h¯) + g′(h¯)δh(~rx,y) +
1
2
g′′(h¯)δh2(~rx,y) + γ
(
1 +
1
2
(∇h(~rx,y))2
)]
d~rx,y
(2.3)
De esta forma podemos expresar el aumento de la energía de la interfase omo
onseuenia de las utuaiones omo
∆H [h(~rx,y)] =
∫ [
g′(h¯)δh(~rx,y) +
1
2
g′′(h¯)δh2(~rx,y) +
1
2
γ (∇h(~rx,y))2
]
d~rx,y (2.4)
siendo
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∆H [h(~rx,y)] = H [h(~rx,y)]− A[g(h¯) + γ] (2.5)
es deir, la energía total de la interfase real menos la energía de la orrespondiente
interfase plana.
El siguiente paso onsiste en desribir las utuaiones de la interfase en términos
de modos de Fourier según
δh(~rx,y) =
∑
q
δh
q
eiq~r (2.6)
siendo q el vetor de onda dado por q = 2π/λ.
Introduiendo este resultado en la E. 2.4 llegamos a
∆H [h(~rx,y)] =
∫ [
g′(h¯)
∑
q
δh
q
eiq~r − 1
2
∑
q
∑
q
′
(
g′′(h¯) + γq · q′) δh
q
δh
q
′ei(q+q
′)~r
]
d~rx,y
(2.7)
donde q
′
es el vetor omplejo onjugado de q.
Teniendo en uenta que la integral sobre eiq~r es Aδ(q), donde δ(q) es la funión
delta de Kroneker en q, y que análogamente la integral sobre ei(q+q
′)~r
es Aδ(q + q′),
podemos integrar la E. 2.7 obteniendo
∆H [h(~rx,y)] = A
[
g′(h¯)
∑
q
δh
q
δ(q) +
1
2
∑
q
∑
q
′
(
g′′(h¯)− γq · q′) δh
q
δh
q
′δ(q+ q′)
]
(2.8)
Si tenemos en uenta que δh(~rx,y) desribe las utuaiones de la interfase respeto
del plano medio, el vetor de onda del modo orrespondiente a q = 0 es nulo, por lo que
la E. 2.8 se puede esribir de forma muho más ompata omo
∆H [h(~rx,y)] =
1
2
A
∑
q
[
g′′(h¯) + γq2
] |δh
q
|2 (2.9)
Así on este resultado podemos obtener la energía orrespondiente a una on-
guraión instantánea de la interfase. La probabilidad de obtener una onguraión
determinada viene dada según la termodinámia estadístia por
P (h(~rx,y)) =
e−β∆H[h(~rx,y)]
Zcw
(2.10)
donde Zcw, la funión de partiión, es la suma sobre todas las posibles ondas
apilares. Si lo esribimos en términos de modos de Fourier obtenemos
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Zcw =
∫ ∏
e−β∆H[h(~rx,y)]dh
q
(2.11)
Puesto que H viene dado en términos de modos de Fourier aditivos, se puede
fatorizar en un produto de integrales simples, de tal forma que podemos esribir
Zcw =
∏
q
∫
e−
1
2
βA[g′′(h¯)+γq2]|δhq |2dh
q
(2.12)
Llegados a este punto vamos a ver qué informaión se puede extraer de la E. 2.12.
Es posible demostrar que diha euaión umple el teorema de equipartiión [40℄, similar
al que le es apliable a la distribuión de veloidad e
1
2
mv2
en un sistema atómio, donde〈
1
2
mv2
〉
=
1
2
kBT (2.13)
y, por tanto 〈
v2
〉
=
kBT
m
(2.14)
Así, si onsideramos que |δh
q
|2 desempeña el papel de la veloidad al uadrado, y
A
[
g′′(h¯) + γq2
]
el de la masa, podemos esribir
A
〈|δh
q
|2〉 = kBT(
g′′(h¯) + γq2
)
(2.15)
Este resultado se ha onrmado en muhos estudios de simulaión [41, 42, 43, 44,
45℄, espeialmente para el aso de interfases libres, donde g′′(h¯) = 0. En estos asos la
E. 2.15 se simplia, obteniéndose
A
〈|δh
q
|2〉 = kBT
γq2
(2.16)
Así, representando la parte izquierda de esta euaión frente a q2 se debe obtener
una onstante proporional a la tensión superial líquidovapor. Sin embargo, debido
a los pequeños tamaños aesibles en las simulaiones, este régimen onstante no llega
a apareer. Aún así se pueden obtener valores ables de la tensión superial mediante
una extrapolaión a q = 0. Además, fenomenológiamente, se puede observar en las
simulaiones una dependenia de la tensión superial on q, que desribe las desvia-
iones de A 〈|δh
q
|2〉 del régimen lineal esperado para bajos valores de q. De esta forma
obtenemos que γ ≡ γ(q).
Según onsideraiones teórias se onoe que el término lineal de γ(q) es nulo, por
lo que en la aproximaión de más bajo orden podemos esribir [46, 47℄
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γ(q) = γ0 + κq
2
(2.17)
donde γ0 es la tensión superial marosópia y κ es onoida omo la resistenia
a la urvatura.
De esta forma, introduiendo este resultado en la E. 2.15 llegamos a
A
〈|δh
q
|2〉 = kBT
g′′(h¯) + γ0q2 + κq4
(2.18)
Por tanto, el Modelo del Hamiltoniano Interfaial, nos permite obtener informaión
sobre g′′(h¯), es deir, sobre las fuerzas externas presentes sobre el uido, la tensión
superial marosópia γ0 y la resistenia a la urvatura κ.
Otra apliaión interesante de este Hamiltoniano es que permite obtener la ru-
gosidad interfaial ∆2cw. Este heho es importante puesto que es esta magnitud, y no el
espetro ompleto de ondas apilares, lo que se puede obtener experimentalmente en la
inmensa mayoría de los asos. Se puede omprobar [31℄ que ∆2cw viene dado por
∆2cw =
kBT
4πγ0
ln
1 + ξ2‖q
2
max
1 + ξ2‖q
2
min
(2.19)
donde
ξ‖ =
√
γ0/g′′ (2.20)
es la longitud de orrelaión paralela, y dita el alane de las utuaiones de las
ondas apilares en la direión transversal. En el aso de interfases líquidovapor bajo
el efeto del ampo de la gravedad se orresponde on la longitud apilar; mientras que
para pelíulas adsorbidas sobre un sustrato, también se onoe bajo el nombre de healing
distane [36℄ y determina la apaidad de un líquido para sentir la rugosidad del sustrato
sólido.
Para terminar es importante omentar que el espetro de los modos de Fourier de
la E. 2.18 puede proporionar mejores resultados si se sustituye el termino de la tensión
superial marosópia γ0 por una tensión superial dependiente de la altura de la
pelíula γ(h¯). Esta observaión se detalla en el Capítulo 1 de la parte de resultados, así
omo en las referenias allí mostradas.
Apliaión a interfases sólidouido
Hasta ahora úniamente hemos hablado de interfases uidas, si bien es posible realizar
un tratamiento similar del Modelo del Hamiltoniano Interfaial para interfases sólido
uido. En la Fig. 2.1 se muestra omo una interfase, desrita por la funión h(x), utúa
en torno a su orientaión promedio, que viene denida por el vetor ~u. Como onseuen-
ia de estas utuaiones, la orientaión loal instantánea de la interfase no tiene que
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Figura 2.1. Representaión de una onda interfaial desrita por la funión h, propagándose en una
interfase monodimensional. El vetor
~u′, perpendiular al plano loal de la interfase, está denido por
el ángulo θ.
oinidir neesariamente on la orientaión promedio. Conrétamente la orientaión lo-
al instantánea está denida por un vetor
~u′, que forma un ángulo θ on el vetor ~u.
Mientras que para interfases uidas la energía libre interfaial es isotrópia, es deir, in-
dependiente de θ, en interfases on presenia de sólidos deja de serlo y pasa a depender
de la orientaión de la interfase, es deir, γ = γ(θ). Por ello, para este tipo de interfases
podemos desarrollar el modelo del Hamiltoniano Interfaial partiendo igualmente de la
E. 2.1 pero tomando ahora en onsideraión que γ = γ(θ).
La dependenia de γ on la orientaión se puede expresar omo un desarrollo de
Taylor en torno a θ, según el ual:
γ(θ) = γ0 +
dγ
dθ
θ +
1
2
d2γ
dθ2
θ2 (2.21)
Por otro lado, puesto que las utuaiones de h son pequeñas, es deir, dh/dx << 1,
podemos esribir:
θ = arc tg(
dh
dx
) ≈ dh
dx
(2.22)
Y si ahora utilizamos las E. 2.21 y 2.22 para reemplazar γ en la E. 2.2 obtenemos,
para una sola dimensión y onsiderando ausenia de ampo externo:
H [h] =
∫ [
γ0 +
dγ
dθ
dh
dx
+
1
2
d2h
dθ2
(
dh
dx
)2] [
1 +
1
2
(∇h)2
]
dx (2.23)
Fijándonos en el sistema de referenia mostrado en la Fig. 2.1 se puede omprobar que:
(∇h)2 =
(
dh
dx
)2
(2.24)
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que introduido en la euaión anterior resulta en
H [h] =
∫ [
γ0 +
dγ
dθ
dh
dx
+
1
2
d2γ
dθ2
(
dh
dx
)2][
1 +
1
2
(
dh
dx
)2]
dx (2.25)
Si ahora se tiene en uenta que el término impar se anula por simetría se obtiene
H [h] =
∫
γ0dx+
1
2
∫ (
γ0 +
d2γ
dθ2
)(
dh
dx
)2
d~x+O
((
dh
dx
)4)
(2.26)
o lo que es lo mismo:
H [h] = γ0l +
1
2
∫
γ˜
(
dh
dx
)2
dx (2.27)
donde l es la longitud de la interfase monodimensional y el oeiente γ˜ es la rigidez
interfaial. Comparando las E. 2.26 y 2.27 se obtiene que la rigidez y la energía libre
interfaial están relaionadas según
γ˜(θ) = γ(θ) +
d2γ(θ)
dθ2
(2.28)
Este oeiente es de gran relevania uando se trabaja on interfases sólidas puesto que
reemplaza a la tensión superial γlv de las interfases líquidovapor.
Como se puede observar la E. 2.27 es equivalente a la E. 2.2 partiularizada para
una interfase sólida en ausenia de ampo externo. Por tanto un desarrollo para la E.
2.27 idéntio al realizado para la E. 2.2 lleva a
A
〈|δh
q
|2〉 = kBT
γ˜q2
(2.29)
Aunque esta euaión ha sido deduida para una interfase monodimensional, es
posible realizar un desarrollo análogo en dos dimensiones. Para ello se introdue un
vetor ~n perpendiular a ~u y ~v, y se dene el eje y ‖ ~n. El resultado de este desarrollo
es que la rigidez pasa a depender de la direión de propagaión de la onda y el vetor
q pasa a ser un vetor bidimensional, q = (qx, qy). Así, el espetro de utuaiones a lo
largo de los ejes prinipales se puede expresar omo:
A
〈|δh
q
|2〉 = kBT
γ˜xq2x + γ˜yq
2
y
(2.30)
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Finalmente, on el objetivo de mostrar la relevania de las euaiones aquí desritas a
ontinuaión se detalla en qué ontexto han sido utilizadas a lo largo de esta tesis.
Por un lado, la E. 2.18 se ha empleado en los Capítulos 1 y 7 para obtener el
espetro de ondas apilares de interfases liquidovapor.
Por otra parte la E. 2.20 se ha empleado en el Capítulo 1 para alular la longitud
de orrelaión paralela.
La E. 2.29 se emplea en los Capítulos 2, 3, 4, 5 y 6 para obtener la rigidez a
partir de las utuaiones apilares. Con este mismo objetivo, la E. 2.30 se emplea en
los Capítulos 3 y 4 ya que en ellos se analizan interfases bidimensionales.
Finalmente, la E. 2.28 se emplea en los Capítulos 3, 4 y 5 para obtener la energía
libre interfaial a partir de la rigidez.
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Capítulo 3
Determinaión de la energía libre
interfaial
Uno de los temas entrales de esta tesis es la determinaión de energías libres inter-
faiales para interfases sólidas. El interés por esta magnitud se debe, en gran parte,
a que su valor determina las tasas de nuleaión de ristales a partir de sus fundidos
subenfriados, así omo la forma de estos ristales. Dentro del ampo de la simulaión
moleular, existen en la atualidad varios métodos que permiten su álulo basándose
en distintos fundamentos. A ontinuaión se realiza una breve desripión de algunos de
los más importantes entre los que se enuentran el método de leaving [48℄, el método
de utuaiones apilares [49℄, el método de la metadinámia [50℄, el método de seeding
[51℄, el método de tethered Monte Carlo [52℄ y el método de integraión de molde [53℄.
El primer método propuesto fue el método de leaving, diseñado por Broughton y
Gilmer en 1986. En él, la γsl se obtiene diretamente mediante el álulo por integraión
termodinámia del trabajo reversible requerido para partir las fases sólida y líquida y de-
spués reombinarlas. Atualmente este método se sigue utilizando, y distintas versiones
se han apliado a sistemas omo esferas duras [54℄, LennardJones [55℄, uidos dipolares
[56℄ o agua [57, 58℄. El método de utuaiones apilares, desarrollado en 2001, permite
obtener γsl mediante el análisis de las utuaiones de la posiión de la interfase en torno
a su posiión de equilibrio y ha sido apliado en numerosos sistemas tales omo esferas
duras [43℄, Lennard-Jones [59℄, Yukawa [60℄ o diversos metales [45, 49, 61, 62℄. Por otra
parte, el método de la metadinámia, de 2006, se basa en la ténia de simulaión de
eventos raros onoida omo metadinámia [63℄ y en él se alula el trabajo de formaión
de una interfase a partir de un uido en ondiiones de oexistenia. En el trabajo origi-
nal el método se aplia a un modelo de LennardJones. También de 2006 es el método de
seeding, propuesto por Bai y Li [51℄, y que permite determinar la energía libre interfaial
promedio de un sólido mediante la inserión de un agregado en un uido metaestable
haiendo uso de la teoría de nuleaión. Este método, propuesto originalmente para el
estudio de latratos también ha sido empleado para la determinaión de γsl en el agua
[64℄. En el método de tethered Monte Carlo, de 2012, se hae uso de parámetros de
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orden omplejos para seguir una transiión ontinua entre las las fases sólida y uida, y
ha sido apliado en sistemas de esferas duras. Por último, el método de integraión de
molde, desarrollado en 2014, onsiste en el empleo de un molde ompuesto por pozos
de potenial que induen la formaión de un bloque ristalino en el seno de un uido en
ondiiones de oexistenia. Así, mediante la mediión del trabajo reversible requerido
para formar diho bloque se puede alular γsl. Este método se ha probado tanto para
esferas duras omo para Lennard-Jones proporionando exelentes resultados.
Puesto que esta tesis está dirigida al estudio de ondas apilares, el resto del apítu-
lo se entra en desribir ómo apliar el método de utuaiones apilares para el áulo
de energías libres interfaiales. Para ello es neesario loalizar la posiión de la interfase,
obteniéndose una funión en espaio real a la ual se le realiza una transformada de
Fourier. A ontinuaión se aplia la E. 2.29 obtenida mediante el Modelo del Hamilto-
niano Interfaial, obteniéndose así la rigidez. Por último, una vez obtenida la rigidez se
proede al álulo de la energía libre interfaial. A ontinuaión se detalla ada uno de
estos pasos.
3.1 Obtenión del perl interfaial
El primer paso en el álulo de la energía libre interfaial onsiste en obtener una funión
disreta h(xj , yk) orrespondiente al perl interfaial. Para obtenerla, lo primero que
hay que haer es etiquetar las partíulas del sistema omo sólidas o líquidas, de forma
que sea posible separar ambas fases. Para ello se hae uso de parámetros de orden
que permiten realizar diho etiquetado de una forma eaz (ver Apéndie A). Una
vez heha esta separaión se desehan las partíulas etiquetadas omo líquidas y, de
entre todas las partíulas etiquetadas omo sólidas, se seleionan úniamente aquellas
que perteneen al agregado de mayor tamaño. De esta forma se onsigue aislar la fase
ristalina. A ontinuaión se lleva a abo una disretizaión de la interfase. Para ello
se divide el eje x en nx puntos equiespaiados. Igualmente se divide el eje y en ny
puntos también equiespaiados. De esta forma se obtiene un onjunto de n puntos on
oordenadas (xj , yk) donde hay que evaluar la funión h(xj , yk), siendo n = nx · ny. El
valor de diha funión en ada punto n se alula omo el valor promedio de las n0
partíulas más externas situadas dentro de un uadrado de lado ∆ uyo entro tiene
oordenadas (xj , yk). En resumen, la posiión de la interfase se puede loalizar mediante
una disretizaión en la que apareen uatro parámetros ajustables: nx, ny, ∆ y n0. En
la Figura 3.1 se muestra un esquema de este proeso.
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(a) (b)
()
Figura 3.1. Esquema del proeso de loalizaión de la interfase. (a) Sistema on todas las moléulas
presentes. (b) Partíulas sólidas perteneientes al agregado de mayor tamaño. () Perl interfaial
h(xj , yk) alulado on ny = 1.
3.2 Apliaión del modelo del Hamiltoniano Interfa-
ial
El segundo paso onsiste en apliar el modelo del Hamiltoniano Interfaial. Para ello se
hae uso de la funión h(xj , yk) y se le realiza una transformada de Fourier, según:
hq =
1
n
∑
j
∑
k
h(xj , yk)e
i(qxxj+qyyk)
(3.1)
donde n es el número de puntos donde esta evaluada la funión h(xj , yk), y qx = 2πnxj/Lx
y qy = 2πnyk/Ly son las omponentes del vetor q, a lo largo de los ejes x e y, respeti-
vamente.
Tras haber realizado la transformada de Fourier se alula |hq|2 según:
|hq|2 = hq · h∗q (3.2)
donde h∗q es la funión ompleja onjugada de hq. Este produto se promedia sobre todas
las onguraiones obtenidas durante la simulaión, obteniéndose 〈|hq|2〉, que introdui-
do en la E. 2.29 permite obtener la rigidez γ˜ mediante una extrapolaión de su valor a
q = 0.
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3.3 Obtenión de la energía libre interfaial a partir
de la rigidez
Finalmente, una vez que se ha obtenido la rigidez es posible alular la energía libre
interfaial a partir de la E. 2.28. Para ello es neesario busar una forma de evaluar
d2γ/dθ2. Este proeso no es fáil puesto que la dependenia de la energía libre interfaial
on la orientaión no es senilla. Sin embargo en esta tesis se han empleado dos métodos
que permiten evaluar diha derivada: el Método de los Armónios y el Método de la
Estimaión Numéria de la Curvatura, desarrollado en esta tesis. A ontinuaión se
muestran ambos métodos.
3.3.1 Método de los Armónios
Este método onsiste en busar una expresión para γ(θ) y posteriormente alular su
segunda derivada. Diha expresión se onsigue mediante una expansión en términos
armónios, uya naturaleza, úbia o esféria, dependerá de la simetría del sólido.
Sistemas úbios
Cuando un sólido presenta simetría úbia, la dependenia de γ on la orientaión se
puede obtener mediante una expansión en términos de úbios armónios. Los úbios
armónios son una base de funiones ortogonales que permiten la representaión de
funiones on grupo puntual de simetría úbio; siendo ada úbio armónio una funión
de vetores unitarios sobre la superie de una esfera.
El uso de estos armónios está muy extendido en el ampo de la meánia uántia,
puesto que se emplean omo base de las ombinaiones lineales usadas para representar
las funiones de onda de los orbitales atómios. En el ampo de la ristalografía es
posible realizar expansiones similares para desribir propiedades físias tales omo la
energía libre interfaial o la rigidez.
En su artíulo de 1976 Fehlner y Vosko proporionan las expresiones de los úbios
armónios en términos de oordenadas artesianas [65℄. Así, según esta aproximaión, la
energía libre interfaial de una determinada ara ristalográa, γ(~u), se puede expresar
omo
γ(~u)/γ0 ≈ K0,0 + ǫ1K4,1 + ǫ2K6,1 + ǫ3K8,2 + ǫ4K10,2 + ... (3.3)
donde ~u es el vetor que dene la ara ristalográa, γ0 es la energía libre interfaial
promediada sobre todas las orientaiones posibles del ristal, Kl,d son úbios armónios
(ver Tabla 3.1) y ǫk son parámetros que reejan la anisotropía del sistema. Por tanto,
si se quiere evaluar la energía libre interfaial de los planos ristalográos, es nee-
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K0,0 = 1
K4,1 =
√
211
4
[5Q− 3]
K6,1 =
√
13
2
1
8
[462S + 21Q− 17]
K8,2 =
√
561 1
32
[65Q2 − 208S − 94Q+ 33]
K10,2 =
√
455
2
1
64
[7106QS + 187Q2 − 3190S − 264Q+ 85]
Tabla 3.1. Cúbios armónios normalizados en términos de Q y S, donde Q = x4 + y4 + z4 y
S = x2y2z2.
(a) (b)
Figura 3.2. (a) Representaión del vetor unitario ~u, que dene la posiión de la interfase, en el
sistema de referenia A. (b) Representaión del vetor unitario ~u y del vetor unitario, ~u′, que dene
la interfase instantánea, en el sistema de oordenadas auxiliar.
sario onoer los valores orrespondientes a los úbios armónios, los parámetros de
anisotropía y la energía interfaial promedio.
Para poder obtener los valores de los úbios armónios hay que araterizar la
orientaión del plano ristalino expuesto en la interfase. Un plano ristalino arbitrario
queda denido mediante un vetor unitario ~u perpendiular a diho plano. A su vez, un
vetor unitario queda espeiado mediante los ángulos α y β, denidos en un sistema
de referenia A (ver E. 3.4) , tal y omo se muestra en la Figura 3.2a, siendo α el ángulo
polar y β el ángulo aimutal.
A =
~i~j
~k

(3.4)
Generalmente, la orientaión de diho plano viene denida en funión de sus índies
de Miller, mientras que los úbios armónios son funiones de las oordenadas arte-
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Plano interfaial γ(~u)/γ0
(100) 1 + 1
2
√
21ǫ1 +
1
4
√
26ǫ2 +
1
8
√
561ǫ3 +
1
16
√
910ǫ4 +
9
164
√
451ǫ5
(110) 1− 1
8
√
21ǫ1 − 1332
√
26ǫ2 +
9
128
√
561ǫ3 − 1512
√
910ǫ4 +
2517
20992
√
451ǫ5
(111) 1− 1
3
√
21ǫ1 +
4
9
√
26ǫ2 +
1
27
√
561ǫ3 − 881
√
910ǫ4 +
953
9963
√
451ǫ5
(11
	
2) 1− 1
8
√
21ǫ1 +
37
288
√
26ǫ2 − 1733456
√
561ǫ3 +
233
4608
√
910ǫ4 +
284551
5101056
√
451ǫ5
Tabla 3.2. Expresiones para la energía libre interfaial de distintos planos ristalográos de un
sistema úbio.
sianas x, y, z, del sistema de referenia orrespondiente, A. Por ello es neesario poder
expresar la orientaión del plano bajo estudio en términos de las oordenadas artesianas
del vetor que lo dene.
Para un plano ristalino ualquiera, denido por un vetor ~u perpendiular a él,
on direión [h k l℄, podemos expresar su orientaión en el sistema de referenia A omo
x = h√
h2+k2+l2
y = k√
h2+k2+l2
z = l√
h2+k2+l2
(3.5)
ya que los vetores
~i, ~j, ~k son ortonormales.
Así, una vez que se tienen las oordenadas artesianas del vetor ~u se puede obtener
la orrespondiente expansión en térmios de úbios armónios para la energía libre
interfaial de los planos ristalográos de interés a partir de la E. 3.3. Los resultados
se muestran en la Tabla 3.2.
El siguiente paso es determinar el valor de los parámetros de anisotropía ǫk. En
nuestro aso la informaión disponible sobre la interfase viene dada por la rigidez, por
lo que tenemos que reurrir a ella para obtener dihos parámetros. La rigidez, al igual
que la energía libre interfaial, depende del plano ristalino expuesto en la interfase,
pero a su vez depende también de la direión de propagaión de la onda. Por ello,
para simpliar la interpretaión denimos la matriz W (ver E.3.6) que arateriza un
sistema de referenia auxiliar asoiado al plano ristalográo y a la onda asoiada tal
y omo se muestra en la Figura 3.2b
W =
~n~v
~u

(3.6)
54
3.3. Obtenión de la energía libre interfaial a partir de la rigidez
En este sistema ~u dene el plano ristalográo de la interfase, y ~v dene la di-
reión de propagaión de la onda, siendo ~v ⊥ ~u. El plano ristalino mostrado instan-
táneamente en la interfase está denido en este aso por el vetor ~u′ y que se obtiene
mediante una rotaión en torno a ~n. La magnitud de esta rotaión, θ, determina qué
plano ristalográo se esta mostrando en la interfase en ada momento, así omo la
direión de propagaión de la onda en ese mismo instante, ~v′. Puesto que tanto ~u y ~u′,
omo ~v y ~v′ forman entre sí un ángulo θ, es posible expresar los nuevo vetores ~u′ y ~v′
en términos de ~u, ~v y θ, manteniéndose ~n inalterado.
~u′ = ~ucos(θ) + ~vsen(θ)
~v′ = −~usen(θ) + ~vcos(θ) (3.7)
Esto permite introduir la matriz de rotaión R, uya expresión viene dada por
R
′ =
1 0 00 −sen(θ) cos(θ)
0 cos(θ) sen(θ)

(3.8)
De esta forma el nuevo sistema de referenia auxiliar W′, asoiado en este aso a
la posiión instantánea de la interfase, se puede expresar omo
W
′ =
1 0 00 −sen(θ) cos(θ)
0 cos(θ) sen(θ)
~n~v
~u
 =
~n′~v′
~u′

(3.9)
Si ahora se tiene en uenta que ~u = [hkl] y ~v = [mno] podemos reesribir la E.3.9
omo
W
′ =
1 0 00 −sen(θ) cos(θ)
0 cos(θ) sen(θ)
 ~nm n o
h k l

(3.10)
lo que permite expresar las oordenadas artesianas del vetor ~u′, que dene el
plano ristalográo, omo
x′ = h · cos(θ) +m · sen(θ) y′ = k · cos(θ) + n · sen(θ) z′ = l · cos(θ) + o · sen(θ)
(3.11)
Estas nuevas expresiones para las oordenadas x′, y′ y z′ en funión del ángulo θ
son espeialmente útiles ya que la rigidez está relaionada on la energía libre interfaial
según
γ˜(~u, ~n) =
(
γ(θ) +
d2γ(θ)
dθ2
)
θ=0
(3.12)
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~u ~n γ˜(~u, ~n)/γ0
100 010 1− 9
2
√
21ǫ1 − 5
√
26ǫ2 − 358
√
561ǫ3 − 278
√
910ǫ4 +
9
164
√
451ǫ5
110 001 1 + 39
8
√
21ǫ1 +
155
32
√
26ǫ2 − 455128
√
561ǫ3 − 1233512
√
910ǫ4 − 10917920992
√
451ǫ5
110
	
110 1− 21
8
√
21ǫ1 +
365
32
√
26ǫ2 − 175128
√
561ǫ3 +
1341
512
√
910ǫ4 − 27843920992
√
451ǫ5
111 1
	
10 1 + 3
√
21ǫ1 − 809
√
26ǫ2 − 3527
√
561ǫ3 +
16
3
√
910ǫ4 − 733819963
√
451ǫ5
11
	
2 1
	
10 1 + 19
8
√
21ǫ1 +
1255
288
√
26ǫ2 +
4795
3456
√
561ǫ3 − 210414608
√
910ǫ4 − 13180375101056
√
451ǫ5
11
	
2 111 1− 1
8
√
21ǫ1 − 2735288
√
26ǫ2 +
7315
3456
√
561ǫ3 − 41234608
√
910ǫ4 − 425028175101056
√
451ǫ5
Tabla 3.3. Expresiones para la rigidez de distintos planos y distintas direiones de propagaión de la
onda en un sistema úbio.
Así, introduiendo las nuevas oordenadas artesianas en los úbios armónios,
dados en la Tabla 3.1, y derivando éstos dos vees respeto al ángulo θ se pueden obtener
las ontribuiones debidas a la urvatura de γ(θ). Esto permite obtener expresiones para
la rigidez análogas a las obtenidas para la energía libre interfaial. Estas expresiones han
sido halladas para distintos planos ristalinos y distintas direiones de propagaión, y
se reogen en la Tabla 3.3.
Por último, una vez que se tienen las expresiones orrespondientes basta on re-
solver el sistema de euaiones mostrado en la Tabla 3.3 para obtener los parámetros
de anisotropía, ǫk, así omo γ0, que permiten obtener la energía libre interfaial de las
distintas aras a partir de las euaiones reogidas en la Tabla 3.2.
Sistemas hexagonales
Cuando se trabaja on un sistema on simetría hexagonal, uyo grupo puntual de
simetría es D6h, es igualmente posible obtener la energía libre interfaial de los dis-
tintos planos ristalográos, γ(~u), de diho sistema mediante una parametrizaión. En
este aso se lleva a abo una expansión de la energía libre interfaial en funión de los
armónios esférios según la ual [66℄
γ(~u)/γ0 ≈ 1 + ǫ1y20(α, β) + ǫ2y40(α, β) + ǫ3y60(α, β) + ǫ4y66(α, β) (3.13)
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Figura 3.3. Sistema de referenia hexagonal ompuesto por uatro ejes prinipales. El vetor ~u
determina el plano ristalográo mostrado en la interfase, y esta araterizado por los ángulos α y β.
y20(α, β) =
√
5/16π [3cos2(α)− 1]
y40(α, β) =
3
16
√
1/π [35cos4(α)− 30cos2(α) + 3]
y60(α, β) =
1
32
√
13/π [231cos6(α)− 315cos4(α) + 105cos2(α)− 5]
y66(α, β) =
1
64
√
6006/π [1− cos2(α)]3 cos(6β)
Tabla 3.4. Expresiones para los armónios esférios normalizados.
donde ~u es el vetor que dene el plano ristalográo, γ0 es la energía libre interfa-
ial promediada sobre todas las orientaiones, ylm son los armónios esférios, reogidos
en la Tabla 3.4, ǫk son los parámetros de anisotropía del sistema, y α y β son los ángulos
polar y aimutal, respetivamente, y que desriben el plano ristalográo expuesto en
la interfase.
En este aso, los armónios esférios son diretamente funiones de los ángulos α
y β. Por ello no es neesario haer ninguna transformaión de oordenadas a la hora
de realizar la parametrizaión de la energía libre interfaial, sino que basta on onoer
los ángulos que denen el plano ristalográo mostrado en la interfase. En el aso de
un sistema hexagonal los prinipales planos ristalográos son el basal o (0001), el
prismátio primario o (10
	
10) y el prismátio seundario o (11
	
20). Los resultados para
ada uno de estos planos se reogen en la Tabla 3.5.
Al igual que ourría on los sistemas úbios, para poder utilizar estas expresiones,
es neesario onoer los parámetros de anisotropía ǫk, para lo ual reurrimos nuevamente
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Plano interfaial γ(~u)/γ0
(0001) 1 + 1
2
√
5/πǫ1 +
3
2
√
1/πǫ2 +
1
2
√
13/πǫ3
(10
	
10) 1− 1
4
√
5/πǫ1 +
9
16
√
1/πǫ2 − 532
√
13/πǫ3 − 164
√
6006/πǫ4
(11
	
20) 1− 1
4
√
5/πǫ1 +
9
16
√
1/πǫ2 − 532
√
13/πǫ3 +
1
64
√
6006/πǫ4
Tabla 3.5. Energía libre interfaial para distintos planos ristalográos de una estrutura ristalina
perteneiente a un sistema hexagonal.
a la rigidez. Sin embargo, en este aso, para resolver la E. 3.12 no es onveniente ambiar
el sistema de referenia, sino que hay que ver ómo varían los ángulos α y β al propagarse
la onda.
Teniendo en uenta que el plano ristalino de la interfase viene denido por el vetor
~u y que la onda se propaga en la direión del vetor ~v, al produirse una rotaión de
magnitud θ sobre un eje ~n, ontenido en el plano interfaial y perpendiular a ambos,
se genera un nuevo vetor ~u′ uyos ángulos α y β son distintos de los del vetor ~u. En la
Fig. 3.4 se muestran varias posibles rotaiones para los prinipales planos ristalográos.
Como se puede observar, en todos los asos mostrados, la rotaión de magnitud θ en
torno a ~n produe una variaión de la misma magnitud bien en α o bien en β según
sobre qué eje se esté produiendo la rotaión, pero en ningún aso se produe variaión
de ambos ángulos simultáneamente.
Este heho es de espeial interés, puesto que nos permite evaluar d2γ(θ)/dθ2 omo
d2γ(α, β)/dα2 o omo d2γ(α, β)/dβ2 según orresponda. En la Tabla 3.6 se muestran los
valores de α y β que orresponden a ada uno de los planos ristalográos, así omo el
ángulo que se ve modiado al produirse una rotaión en torno a ~n. De esta forma, una
vez que se tiene d2γ(θ)/dθ2 se pueden obtener las expansiones para la rigidez en funión
del plano ristalográo y la direión de propagaión de la onda. Estas expansiones se
reogen en la Tabla 3.7.
3.3.2 Estimaión Numéria de la Curvatura (ENC)
Una forma alternativa de alular la energía libre interfaial de un determinado plano
ristalográo, basada igualmente en la E.3.12, onsiste en haer una estimaión numéri-
a de la segunda derivada de γ(θ). Para ello se lleva a abo una expansión en series de
Taylor de la funión en torno a un punto. Según esta expansión:
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(a) (0001)[11
	
21℄ (b) (01
	
10)[0001℄ () (0
	
110)[2
	
1
	
10℄ (d) (2
	
1
	
10)[0001℄
(e) (2
	
1
	
10)[01
	
10℄
Figura 3.4. Rotaiones de los prinipales planos ristalográos. Entre paréntesis se expresa el plano
interfaial, ~u. Entre orhetes aparee el eje de rotaión, ~n. Nótese que los planos (01	10) y (0	110)
mostrados en las guras 3.4b y 3.4e son equivalentes ristalográamente al plano (10
	
10), que es el
que aparee en las tablas. Igualmente el plano (2
	
1
	
10) de las guras 3.4, 3.4d y 3.4e es equivalente al
plano (11
	
20) de las tablas.
Plano 0001 10
	
10 11
	
20
α, β 0, - π/2, π/3 π/2, π/6
Eje de rotaión, ~n 11	20 0001 11	20 0001 10	10
Ángulo modiado α β α β α
Tabla 3.6. Valores de los ángulos que denen el plano interfaial. Para ada uno de los planos planos
se muestra el eje de rotaión ~n y el ángulo que varía al realizar diha rotaión.
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~u ~n γ˜(~u, ~n)/γ0
0001 11
	
20 1−
√
5/πǫ1 − 272
√
1/πǫ2 − 10
√
13/πǫ3
10
	
10 11
	
20 1 + 5
4
√
5/πǫ1 − 17116
√
1/πǫ2 +
205
32
√
13/πǫ3 +
5
64
√
6006/πǫ4
10
	
10 0001 1− 1
4
√
5/πǫ1 +
9
16
√
1/πǫ2 − 532
√
13/πǫ3 +
35
64
√
6006/πǫ4
11
	
20 10
	
10 1 + 5
4
√
5/πǫ1 − 17116
√
1/πǫ2 +
205
32
√
13/πǫ3 − 564
√
6006/πǫ4
11
	
20 0001 1− 1
4
√
5/πǫ1 +
9
16
√
1/πǫ2 − 532
√
13/πǫ3 − 3564
√
6006/πǫ4
Tabla 3.7. Expresiones para la rigidez en funión del plano ristalográo y del eje de rotaión en un
sistema hexagonal.
f(x+ δx) = f(x) + f ′(x)δx+
1
2
f ′′(x)δx2
f(x− δx) = f(x)− f ′(x)δx+ 1
2
f ′′(x)δx2
 f ′′(x) = f(x− δx)− 2f(x) + f(x+ δx)δx2
(3.14)
Así, onsiderando el sistema de referenia de la Figura 3.2b, para un determinado
plano ristalográo se obtiene
γ˜ (~u, ~n) = γ(~u) +
γ(~u′1)− 2γ(~u) + γ(~u′2)
∆θ2
(3.15)
donde γ(~u′1) y γ(~u
′
2) son las energías interfaiales de dos planos ristalográos
mostrados en la interfase al rotar un ángulo θ en torno a ~n a izquierda y dereha,
respetivamente. Así, onoiendo la rigidez de tres orientaiones, que se obtienen por
rotaión en torno al mismo eje, se puede obtener la energía libre interfaial de los tres
planos ristalográos impliados.
En el aso de sistemas on simetría úbia (en el aso del NaCl, sistemas on
simetría C4) basta on ombinar dos orientaiones on un eje de rotaión omún, ya que
la simetría hae que aparezan direiones equivalentes. De auerdo on la Figura 3.5a
podemos estableer que:
γ˜100 = γ˜010 = γ˜1¯00 = γ˜01¯0 y γ100 = γ010 = γ1¯00 = γ01¯0
γ˜110 = γ˜1¯10 = γ˜1¯1¯0 = γ˜11¯0 y γ110 = γ1¯10 = γ1¯1¯0 = γ11¯0
(3.16)
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(a) (b)
Figura 3.5. (a) Proyeión de un sistema on simetría C4 a lo largo del eje [001℄. Se muestran las
direiones prinipales. (b) Representaión de la propagaión de las ondas en los sistemas (100)[001℄
(negro) y (110)[001℄ (rojo). Ambos sistemas omparten rotaión en torno al eje [001℄.
De esta forma, apliando ahora la E. 3.15 obtenemos:
γ˜100 = γ100 +
2γ110 − 2γ100
(π/4)2
γ˜110 = γ110 +
2γ100 − 2γ110
(π/4)2
(3.17)
es deir, un sistema de dos euaiones on dos inógnitas que nos permite onoer
γ100 y γ110 a partir de las orrespondientes rigidez.
Como se ha omentado anteriormente, es impresindible que las orientaiones es-
ogidas para realizar los álulos ompartan rotaión en torno a un eje omún. Esto se
ilustra en la Figura 3.5b. En este aso tenemos representados los sistemas (100)[001℄ y
(110)[001℄. Si nos jamos en el primero se puede observar que al propagar la onda haia
el vetor [010℄ aparee el segundo de ellos uando rotamos un ángulo θ = π/4 en torno al
vetor [001℄. Por tanto ambos sistemas son interambiables mediante rotaión en torno
al eje [001℄ y válidos para apliar el método.
Con el objetivo de validar el método lo hemos apliado a resultados publiados pre-
viamente para el modelo de esferas duras [43℄. En diho trabajo se reogen las rigidez de
las orientaiones (100)[001℄ (γ˜ = 0,44kBTσ
−2
), (110)[001℄ (γ˜ = 0,70kBTσ
−2
), (110)[
	
110℄
(γ˜ = 0,42kBTσ
−2
) y (111)[
	
110℄ (γ˜ = 0,67kBTσ
−2
), entre otras. Como aabamos de
desribir, nuestro método se puede apliar uando dos orientaiones están relaionadas
mediante un eje de rotaión omún. Por tanto, las ombinaiones permitidas en este
aso son entre las orientaiones (100)[001℄ y (110)[001℄ por un lado (Combinaión 1),
y (110)[
	
110℄ y (111)[
	
110℄ y por el otro (Combinaión 2). Los resultados obtenidos se
muestran en la Tabla 3.8 junto on los publiados en [43℄. Como se puede observar, los
resultados obtenidos por el nuevo método están en perfeto auerdo on los ya publi-
ados. Este heho ya de por si interesante obra más relevania si se tiene en uenta la
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Combinaión 1 Combinaión 2 Ref. [43℄
γ100 0.594 0.574
γ110 0.546 0.558 0.557
γ111 0.532 0.546
Tabla 3.8. Comparaión de la energía libre interfaial γ, en unidades de kBTσ
−2
para tres planos
ristalográos.
simpliidad del método propuesto.
Finalmente vamos a mostrar en qué partes de la tesis se han empleado las euaiones
aquí desritas. En el Capítulo 5 de la parte de resultados se ha heho uso de las ex-
presiones reogidas en las Tablas 3.5 y 3.7 para alular la energía libre interfaial de
los prinipales planos ristalográos del hielo Ih. En el Capítulo 4 se han empleado las
expresiones de las Tablas 3.2 y 3.3 para obtener la energía libre interfaial de distintos
planos ristalográos del NaCl, así omo su energía libre interfaial promedio. Estas
mismas expresiones se han utilizado en el Capítulo 3, pero en este aso apliadas al
sistema LennardJones. En este apítulo, además, se ha heho uso de la E 3.17 para
alular la energía libre interfaial de las planos (100) y (110) de diho modelo.
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Capítulo 4
Teoría de difusión de la interfase y
oeiente inétio
Hasta el momento úniamente se ha hablado de propiedades estátias de las interfases
omo son la rigidez, la energía interfaial o la longitud de orrelaión paralela. Sin
embargo, también es posible haer estudios sobre su dinámia on el n de obtener más
informaión. En 1993 Karma [67℄ desarrolló una teoría según la ual la veloidad de
avane o retroeso de una interfase sólidolíquido se puede expresar a partir de una
euaión de difusión. A partir de esta teoría es posible alular el oeiente inétio
µ, es deir, el oeiente que relaiona la veloidad de avane de la interfase on la
temperatura. A ontiuaión se detalla diha teoría.
La veloidad de avane de una interfase monodimensional se puede denir omo
v(x, t) = µ∆T (x, t) (4.1)
donde v es la veloidad de avane de la interfase, µ es el oeiente inétio, y
∆T = Tf − T es la fuerza motriz que provoa el avane o retroeso de la interfase y
que se orresponde on la diferenia de temperatura entre la temperatura de fusión del
sistema y la temperatura de trabajo.
Igualmente la veloidad de la interfase se puede expresar omo
v(x, t) =
dh(x, t)
dt
(4.2)
donde h(x, t) es la funión que determina la altura de una interfase monodimen-
sional.
Por tanto, igualando las euaiones 4.1 y 4.2 y añadiendo el término η orrespon-
diente al ruido térmio podemos esribir
dh(x, t)
dt
= µ∆T + η(x, t) (4.3)
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Para una interfase sólidolíquido, que no es plana debido a las ondas apilares,
existirá una diferenia de presión entre ambas fases. Si apliamos la euaión de Young
Laplae tenemos que la diferenia de presión a través de una interfase viene dada por
∆p = pint − pext = −γ˜κ (4.4)
donde γ˜ es la rigidez y κ es la urvatura de la interfase. Para expresar la urvatura
se reurre a la euaión de GibbsThomsonLaplae para el equilibrio interfaial loal,
κ =
d2h(x, t)
dx2
= ∇2h(x, t) = ∆p(x, t)
γ˜
(4.5)
Anteriormente hemos visto que la fuerza motriz del desplazamiento de la interfase
es el gradiente de temperatura, por lo que tenemos que relaionar éste on el gradiente
de presión que aabamos de obtener. Para ello esribimos la sobrepresión de Laplae en
términos del subenfriamiento loal, ∆T (x, t), omo
∆p(x, t) =
∆H
vsTm
∆T (x, t) (4.6)
donde, en ondiiones de oexistenia, ∆H es la entalpía de fusión molar por
unidad de volumen, Tm es la temperatura de fusión y vs es el volumen molar del sólido.
Por tanto, si ahora haemos uso de las E. 4.5 y 4.6 podemos expresar la urvatura
en términos del subenfriamiento
∇2h(x, t) = ∆H
vsγ˜Tm
∆T (x, t) (4.7)
Así, introduiendo esta euaión en la E. 4.3 podemos obtener la dinámia loal
de h(x,t) omo
dh(x, t)
dt
= µ
vsγ˜Tm
∆H
∇2h(x, t) + η(x, t) (4.8)
A partir de esta euaión ya sería posible extraer el oeiente inétio si se ono-
iese la evoluión de la interfase on el tiempo. Sin embargo, en nuestro aso el estudio
se realiza en el espaio de Fourier, por lo que es neesario haer las transformadas or-
respondientes tanto a h(x, t) omo a η(x, t). Así, teniendo en uenta que
h(x, t) =
∑
q
hq(t)e
iqx
η(x, t) =
∑
q
gq(t)e
iqx
(4.9)
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la soluión de la E. 4.8 en el espaio de Fourier es
d
dt
∑
q
hq(t)e
iqx = −µΓ
∑
q
q2hq(t)e
iqx +
∑
q
gq(t)e
iqx
(4.10)
donde por omodidad hemos esrito Γ = vsγ˜Tm
∆H
.
Reagrupando esta euaión obtenemos∑
q
{
dhq(t)
dt
+ µΓq2hq(t)− gq(t)
}
eiqx = 0 (4.11)
Y resolviendo para ada vetor q individualmente
dhq(t)
dt
= −µΓq2hq(t) + gq(t) (4.12)
Llegados a este punto nos interesa resolver la euaión diferenial que aabamos
de obtener, uya soluión viene dada por
hq(t) = hq(0)e
−µΓq2t + e−µΓq
2t
∫ t
0
gq(τ)e
µΓτdτ (4.13)
La funión de orrelaión temporal de diha funión se puede obtener multipliando
a ambos lados por hq(t
′)∗ y tomando promedios, obtiéndose
〈hq(t)hq(t′)∗〉 =
〈|hq|2〉 e−µΓq2(t+t′) + e−µΓq2(t+t′) ∫ t
0
∫ t′
0
〈gq(τ)gq(τ ′)〉 eµΓq2(τ+τ ′)dτdτ ′
(4.14)
Teniendo en uenta que 〈gq(τ)gq(τ ′)〉 representa la orrelaión de g(q) a tiempo τ
on g(q) a tiempo τ ′, y que g(q) varía muy rápidamente podemos asumir que 〈gq(τ)gq(τ ′)〉
es sólo funión de |τ − τ ′| y úniamente no vale ero uando |τ − τ ′| es muy pequeño.
Esto es,
〈gq(τ)gq(τ ′)〉 = φ1(|τ − τ ′|) (4.15)
donde φ1 es una funión que presenta un máximo muy aentuado en |τ − τ ′| = 0.
Ahora, haiendo el ambio de variables v = τ + τ ′ y w = τ − τ ′ tal y omo se hae
en [68℄ se puede resolver la E. 4.14 obteniéndose
〈hq(t)hq(t′)∗〉 =
〈|hq|2〉 e−µΓq2(t+t′) + C
2µΓq2
(
1− e−2µΓq2t′
)
(4.16)
A t = t′ y en el límite de tiempos largos se debe umplir que la parte izquierda de
la euaión debe ser igual a 〈|hq|2〉, lo que nos permite ver uál es la ontribuión del
ruido. Además, podemos onsiderar t′ = 0 obteniendo
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oeiente inétio
〈hq(t)hq(0)∗〉 =
〈|hq|2〉 e−µΓq2t (4.17)
Llegados a este punto podemos observar en la E. 4.17 que la funión de autoor-
relaión deae on un tiempo araterístio dependiente del vetor de onda, q, que viene
dado por (µΓq2)−1. Así, obteniendo las funiones de autoorrelaión espaiotemporales,
se puede obtener el valor del oeiente inétio µ.
En el Capítulo 2 de la parte de resultados se hae uso de la E. 4.17 para alular los
oeientes inétios de distintos planos ristalográos para tres modelos de potenial:
esferas duras, LennardJones y agua TIP4P/2005.
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Esta tesis está dirigida al estudio de interfases, profundizando espeialmente en las inter-
fases sólidouido. Por este motivo es de espeial importania ser apaes de distinguir
ambas fases on el n de poder loalizar la posiión de la interfase on preisión. Para
ello se hae uso de parámetros de orden loales, que son funiones de la posiión rela-
tiva de una moléula y sus veinas apaes de lasiar a las partíulas en funión de
su entorno loal. Estos parámetros están basados en armónios esférios y también se
onoen on el nombre de parámetros de Steinhardt [69℄. Además de distinguir entre
fases uidas y sólidas son apaes, en oasiones, de distinguir entre distintas estruturas
ristalinas. Por tanto, la eleión de un parámetro de orden u otro dependerá tanto de
la naturaleza del sistema que estemos analizando, omo de la informaión que queramos
obtener.
En este apítulo vamos a expliar los parámetros de orden que se han empleado
en esta tesis, así omo la forma de optimizarlos para onseguir una separaión óptima
entre las distintas fases.
Como se aaba de omentar, los parámetros de orden loales están basados en los
armónios esférios, y la idea es alular para ada una de las partíulas del sistema un
vetor omplejo ql(i) uyas omponentes dependen de la posiión relativa de la partíula
i respeto de sus partíulas veinas. Así, ada una de las omponentes de diho vetor
asoiado a la partíula i vendrá dada por
qlm(i) =
1
Nn(i)
Nn(i)∑
j=1
Ylm (θij , ϕij) (18)
donde Nn(i) es el número de primeros veinos de la partíula i, l es un número
entero uyo valor se esoge de tal forma que permita distinguir sistemas on distinta
simetría y m es un entero uyos valores van desde m = −l hasta m = +l. Las fun-
iones Ylm (θij , ϕij) son los armónios esférios y θij y ϕij los ángulos polar y azimutal,
respetivamente, medidos en un sistema de referenia arbitrario.
Una vez aluladas estas omponentes vamos a distinguir los parámetros de orden
en dos grandes grupos según el riterio esogido para ver si una partíula es sólida o
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no: el grupo basado en el número de onexiones sólidas que tiene ada partíula, al que
llamaremos grupo de onexiones sólidas, y el grupo basado en el álulo de promedios
del valor del parámetro de orden, al que le daremos el nombre de grupo de promedios.
Finalmente, una vez etiquetadas todas las partíulas de tipo sólido se identia el
agregado más grande de dihas partíulas, que se orresponde on el bloque de sólido
de la oexistenia sólidolíquido simulada. Nosotros identiamos la interfase on las
partíulas más externas de diho bloque. Para onstruir el agregado de partíulas de
sólido más grande es neesario estableer una distania de orte, rc(agregado), por
debajo de la uál las partíulas veinas pueden perteneer al mismo.
I Grupo de onexiones sólidas
Este tipo de parámetros de orden, desarrollado por ten Wolde y olaboradores [70℄
permite distinguir entre fases sólidas y fases uidas. Para ello se seleiona una partíula
i y se alulan las omponentes de su vetor omplejo ql(i) de auerdo on la E. 18.
A ontinuaión se alulan estas mismas omponentes para todos los primeros veinos
de diha partíula (es deir las Nn partíulas j situadas a una distania inferior a la
posisiión del primer mínimo de la funión de distribuión radial, rc), y on ellas se
alula el parámetro de orden de enlae dl omo el produto esalar entre los vetores
ql de las partíulas i i j:
dl(i, j) =
4π
2l + 1
m=+l∑
m=−l
qlm(i) · q∗lm(j) (19)
De esta forma dl(i, j) es una magnitud normalizada que orrelaiona los entornos
loales de partíulas veinas, tomando valores en el intervalo [-1,1℄. Por ejemplo, en
una red úbia f perfeta todas las partíulas tienen el mismo entorno y, por tanto,
el produto esalar entre los vetores asoiados a ualquier par de partíulas, tomando
l = 6, es 1. Sin embargo, en ondiiones experimentales la agitaión térmia hae que
este produto esalar disminuya, aunque será siempre mayor para la fase sólida que para
la fase uida. Por tanto podemos onsiderar que un par de partíulas tienen una onexión
sólida si el valor de dl(i, j) supera un ierto valor umbral dth. De auerdo on [70℄ este
valor umbral se puede determinar representando la distribuión de dl para la fase sólida
y determinando el valor a partir del uál la probabilidad de estar en la fase sólida es
no nula. Cabe destaar que este método de araterizaión de partíulas inluye a los
segundos veinos de la partíula que se esta estudiando ya que, omo se observa en la
E. 19, a la hora de alular el parámetro de orden dl aparee el vetor ql(j) que inluye
a los primeros veinos de la partíula j, o lo que es lo mismo, los segundos veinos de la
partíula i.
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Modelo Parámetro rc rc(agregado) dth nth
Esferas duras d6 1.4 σ 1.4 σ 0.70 6
NaCl d4 4 Å 3.5 Å 0.35 6
Tabla 1. Valores de los parámetros empleados para la seleión del agregado sólido más grande
presente en el sistema. rc(agregado) orresponde a la distania máxima que puede separar a dos
partíulas para que sean onsideradas parte del mismo agregado.
Hasta el momento este riterio no es suiente ya que en la fase uida, espeial-
mente a distanias pequeñas, es posible que apareza ierto orden y que dos partíulas
del uido tengan una onexión tipo sólida. Por ello, para que una partíula sea onsider-
ada sólida es neesario que presente un número mínimo de onexiones sólidas, nth. Así,
para ada partíula, el número de onexiones sólidas, nc(i), se alula omo
nc(i) =
Nn(i)∑
j=1
H(dl(i, j)− dth) (20)
donde H es la funión esalón de Heaviside, y se onsidera que una partíula es
sólida si nc ≥ nth.
Entre los sistemas estudiados en esta tesis se han analizado mediante este parámetro
de orden tanto las esferas duras omo el loruro sódio [71, 72℄. En ambos asos los val-
ores umbral de los parámetros estaban optimizados en la literatura [73, 74℄, y son los
mostrados en la Tabla 1.
II Grupo de promedios
Una alternativa al grupo de onexiones es el grupo de promedios propuesto por Stein-
hardt [69℄, y que ha dado buenos resultados en varios sistemas para distinguir uido de
sólido y distintos sólidos entre sí.
En el estudio original de Steinhardt, se propone una forma de usar los armónios
esférios on este n. Sin embargo, nosotros haemos uso de una modiaión propuesta
por Lehner y Dellago en 2008 [75℄ que permite una separaión aún mejor de las distintas
fases.
Según esta modiaión se alula, para ada partíula i del sistema, el promedio
sobre ella y sus veinas del vetor de Steinhardt mostrado en la E. 18. Esto es,
q¯lm(i) =
1
N˜n(i)
N˜n(i)∑
j=0
qlm (j) , (21)
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Figura 1. Representaión bidimensional de los parámetros de orden loales q¯6 y q¯4 para 3600
moléulas de agua líquida (triángulos verdes), hielo Ih (uadrados rojos) y hielo I (írulos negros)
equilibradas a 1bar y 250K. La línea negra horizontal representa el valor umbral empleado para
distinguir las fases sólida y líquida (q¯6,th = 0,343), mientras que la línea azul vertial representa el
valor umbral empleado para distinguir entre hielo Ih y hielo I (q¯4,th = 0,411)
donde el sumatorio desde j = 0 hasta N˜n(i) atúa sobre todos los veinos de la
partíula i más la propia partíula i. De esta forma se esta inluyendo informaión de los
segundos veinos de diha partíula. Una vez que se tienen las omponentes del vetor
q¯lm(i) se puede asignar un valor numério al nuevo parámetro de orden, q¯l(i), hallando
su módulo
q¯l(i) =
√√√√ 4π
2l + 1
l∑
m=−l
|q¯lm(i)|2, (22)
Así una partíula será onsiderada de una fase o de otra según su valor de q¯l se
enuentre por enima o por debajo de ierto valor umbral q¯l,th.
En la Fig. 1 se muestra una distribuión bidimensional de los parámetros de orden
q¯6 y q¯4 para distintas fases del agua. Como se puede observar, según el parámetro
empleado es posible distinguir bien entre agua y hielo (mediante el empleo de q¯6) o bien
entre hielo Ih y hielo I (empleando q¯4). Con el n de que la separaión de las fases sea lo
más preisa posible hay que optimizar el valor umbral para ada uno de los parámetros.
Para ello se uenta el porentaje de moléulas mal etiquetadas en ada fase para varios
valores del valor umbral del parámetro, q¯l,th, obteniéndose una urva del porentaje de
moléulas mal etiquetadas en funión de diho valor umbral. Así, por ejemplo, uando
una partíula líquida tenga un valor de q¯6 mayor que ierto valor umbral q¯6,th sera mal
etiquetada omo una partíula sólida y al revés, si una partíula sólida presenta un
valor de q¯6 menor que el valor umbral será mal etiquetada omo líquida. En la Fig. 2 se
muestra la optmizaión de los parámetros q¯6 y q¯4 para el modelo TIP4P/2005. El valor
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Figura 2. Porentaje de moléulas mal etiquetados en funión del valor umbral del parámetro de
orden q¯l,th. La leyenda de olores es la misma que en la Fig. 1.
Modelo Fases a separar Parámetro rc rc(agregado) ql,th
TIP4P/2005 agua - hielo q¯6 3.5 Å 3.5 Å 0.343
TIP4P/2005 hielo Ih - hielo I q¯4 3.5 Å 3.5 Å 0.411
Lennard-Jones sólido - líquido q¯6 1.4 σ 1.4 σ 0.294
Lennard-Jones f - hp q¯4 1.4 σ 1.4 σ 0.123
Tabla 2. Valores de los parámetros empleados para la seleión del agregado sólido más grande
presente en el sistema. rc(agregado) orresponde a la distania máxima que puede separar a dos
partíulas para que sean onsideradas parte del mismo agregado.
umbral de ada parámetro se determina omo el punto de interseión entre las urvas
de moléulas mal etiquetadas de las fases que se quieren separar, ya que en ese punto el
error ometido en ambas fases es el mismo.
De los sistemas estudiados en esta tesis, tanto el agua TIP4P/2005 [76℄ omo el
modelo de LJ de Broughton y Gilmer [77℄ se analizan mediante parámetros de orden de
esta familia. Los parámetros empleados para el análisis se reogen la Tabla 2
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1.1 Abstrat
In this work we simulate the adsorption of wetting liquid Argon lms on a model sub-
strate. We alulate the disjoining pressure isotherm and show that it is ompletely
dominated by the long range van der Waals interations. Thik lms exhibit the ex-
peted Hamaker power law deay, but a quantitative desription of thin lms requires to
onsider the detailed struture of the adsorbed layer. The spetrum of lm height u-
tuations is alulated, and shown to provide reliable estimates of the disjoining pressure
for all lms studied. However, it is observed that the full spetrum an only be repro-
dued provided we aount for a lm height dependent surfae tension proportional to
the derivative of the disjoining pressure. A simple theory is worked out whih desribes
well the observed lm height dependene. Having at hand both the surfae tension and
the disjoining pressure, we alulate the healing distane of the liquid lms, whih diers
from the lassial expetation by a onstant of the same order of magnitude as the bulk
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orrelation length. We show these ndings have important impliations on the behavior
of adsorbed liquids and determine orretions to the augmented Young-Laplae equation
at the subnanometer length sale.
1.2 Introdution
Understanding the properties of wetting lms is a matter of great importane in sev-
eral tehnologial proesses, suh as painting, printing, the preparation of protetive
oatings, or the ow of liquids inside mirouidi devies.[1℄
The behavior of thik wetting lms an be reliably desribed by standard surfae
thermodynamis, whih amounts to a mere surfae free energy balane of the dier-
ent interfaes that are involved.[2℄ Not only the equilibrium properties of the lms are
ditated by these properties. Also the dynamis is ontrolled to a great extent by the
relutane of the liquid-vapor interfae to inrease its total surfae area.[2℄
However, in many appliations there is a need for a ne ontrol of the adsorbed
layers, whih are often prepared with thikness well under the mirometer and into
the nanosale.[3, 4, 5, 6℄ In suh ases, surfae thermodynamis is not suient to
properly desribe the wetting layers, and a more detailed desription of the moleular
interations is required.[7℄ In pratie, this is usually ahieved by introduing the onept
of disjoining pressure, whih allows to lump the intriate details of the moleular fores
into an eetive interation between the substrate and the liquid-vapor interfae.[8℄
The resulting equation for the balane between surfae, bulk and disjoining fores
some times known under the name of augmented Young-Laplae equationprovides
the framework for most of our urrent understanding of adsorption phenomena at the
nanometer sale.[2, 9, 10, 11, 12, 13, 14℄
Yet, already for some time, there have been laims that the augmented Young-
Laplae equation, or alternatively, the interfae Hamiltonian model from whih it is
derived, annot be dedued exatly from a ner mirosopi approah.[15, 16, 17℄ Of
partiular interest here is how adsorbed liquid lms utuate about their average lm
height. These utuations are known as apillary waves, as the restoration is mainly due
to apillary fores. The interfae Hamiltonian model provides a simple losed expression
for the spetrum of suh lm height utuations, whih an be ompared in priniple
with both experiments and omputer simulations.[18, 19, 20, 21, 22, 23, 24, 25, 26, 27℄
In the lassial model, the apillary wave spetrum (CWS) is given exatly by the
liquid-vapor surfae tension and the disjoining pressure. More elaborated theoretial
studies, however, indiate that at least a lm height dependent surfae tension must be
inorporated to ahieve an aurate desription of the spetrum.[15, 16, 17, 26, 27℄
A orret understanding of these details has several important impliations. For
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example, the ratio between the surfae tension and the disjoining pressure derivative
provides the parallel orrelation length, or healing distane, of the liquid lm.[2, 11, 16,
28℄ This property ditates the length sale over whih perturbations of the liquid lm
deay. Aordingly, lms repliate the roughness of the substrate on length sales larger
than the healing distane, but rather heal the substrate's roughness on length sales
that are smaller than the healing distane.[29℄
Surprisingly, only a few experimental and simulation studies have been devoted up
to date to larify this issue, and, with the exeption of Ref. [19℄, show rather limited or
indiret evidene for the onjetured lm height dependent surfae tension.[18, 20, 21, 25℄
Reently, we performed omputer simulation studies of the apillary wave spe-
trum of adsorbed liquid lms lose to a rst order wetting transition. We showed that
indeed, the CWS yields eetive surfae tensions whih are strongly lm height depen-
dent. Furthermore, we showed that suh lm height dependene was approximately
proportional to the derivative of the disjoining pressure. Unfortunately, our model sys-
tem was very lose to the uid's triple point. As a result it exhibited very strong layering.
This made the theoretial modeling of the disjoining pressure a very diult issue, and
thus preluded a lear unambiguous test of this hypothesis.[26, 27℄
In this paper, we perform omputer simulations of model wetting liquid lms in
a regime of omplete wetting. The system is hosen suh that the disjoining pressure
isotherm exhibits a smooth and monotonous behavior, so that it an be easily modeled.
Our simulations allow us to onrm the alleged lm height dependent surfae tension,
and the relation of suh dependene with the disjoining pressure isotherm. As an im-
portant impliation, it is found that the augmented Young-Laplae equation develops
additional ontributions that an be negleted for thik lms, but are important at the
nanometer sale.
1.3 Theoretial
1.3.1 Review of equilibrium lm proles and apillary wave u-
tuations
Consider a liquid lm adsorbed onto a at substrate. The shape of the lm prole is
speied by the lm height ℓ(x) above point x on the plane of the substrate. The free
energy of a given realization ℓ(x) exhibiting small deviations from planarity is given by
the Interfae Hamiltonian Model (IH) as:
H [ℓ] =
∫
dx
[
g(ℓ) +
1
2
γlv (∇ℓ)2 −∆p ℓ
]
(1.1)
83
1. Disjoining pressure, Healing Distane and Film Height Dependent Surfae Tension
of Thin Wetting Films
where g(ℓ) is the free energy of a at lm of height ℓ at oexistene, or interfae potential;
γlv is the surfae tension and ∆p = pl − pv is the Laplae pressure dierene aross the
liquid-vapor interfae, with pl and pv the bulk vapor and liquid pressures onsistent with
the imposed hemial potential.
Thus, the rst and third terms provide the free energy of innitesimal liquid prisms
of height ℓ(x) and basis dx, while the seond term aounts for the liquid-vapor surfae
area exess over the planar lm.
The equilibrium realization of the lm prole is obtained by requiring that H [ℓ]
be a minimum with respet to variations of the lm prole ℓ(x). This is ahieved by
searhing for the extremal of H [ℓ], whih provides the more familiar result sometimes
known as the augmented Young-Laplae equation:[10, 12℄
γlv∇2ℓ+Π(ℓ) = −∆p (1.2)
The disjoining pressure, Π(ℓ) is related to the interfae potential as:[30℄
dg(ℓ)
dℓ
= −Π(ℓ)−∆p (1.3)
In the limit of thik lms, Π(ℓ) vanishes and Eq. (1.2) then beomes the familiar Laplae
equation relating the interfae urvature to the bulk pressure dierene between liquid
and vapor phases.
Whereas the result, Eq. (1.2), is the basis for our understanding of many important
surfae phenomena,[2℄ a thorough test down to sub-nanometer lm heights remains
diult. Experimental, [4, 31℄ simulation [32, 33, 34℄ and theoretial studies [30, 35℄
have been performed in order to assess how well Eq. (1.2) is able to predit lm proles,
but often the results are hampered by lak of omplete knowledge of Π(ℓ),[31, 34℄ or
ambiguities related to the denition of the lm height.[30, 35℄
In this paper we onsider an alternative approah, based on a diret test of the
Interfae Hamiltonian, Eq. (1.1).[19, 25, 26, 27℄ Wetting lms exhibit utuations about
the average lm height. These utuations may be deomposed in Fourier modes as:
δℓ(x) =
∑
q
δℓ(q) eiq·x (1.4)
Performing an expansion of g(ℓ) up to quadrati order in Eq. (1.1), allows to express
the free energy of an instantaneous lm prole as:
H [ℓ] =
1
2
A
∑
q
[g′′(ℓ) + γlv q
2]|δℓ(q)|2 (1.5)
where A denotes here the surfae area of the at interfae, while a supersript prime
denotes dierentiation with respet to ℓ. The above result for the free energy is quadrati
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in the Fourier modes. Applying equipartition of energy, one an then obtain a losed
expression for the mean squared amplitude, whih reads:
A〈|δℓ(q)|2〉 = kBT
g′′(ℓ) + γlv q2
(1.6)
The oeients of the denominator dene a harateristi length sale for the deay of
orrelations parallel to the substrate:
ξ2h =
γlv
|g′′(ℓ)| (1.7)
This parallel orrelation length, or healing distane governs lm utuations away from
planarity. In equilibrium, lms deposited on a substrate with roughness of wavelength λ,
will repliate the shape of the substrate when ξh/λ < 1, but will remain essentially at
and therefore heal the rough surfae in the opposite ase.[2, 11, 28, 36℄ Out of equilib-
rium, unstable lms remain stable to utuations smaller than ξh, but are spontaneously
amplied otherwise.[37℄
Reently, we performed a omputer simulation study of the apillary wave spe-
trum of adsorbed liquid lms in order to test the auray of Eq. (1.6).[26, 27℄ Our
results showed that g′′(ℓ) as obtained from the CWS was fully onsistent with indepen-
dent estimates of the disjoining pressure. However, we found that the oeient of q2,
whih aording to Eq. (1.6) is the liquid-vapor surfae tension, atually piked up a
lm height dependene proportional to g′′(ℓ).
1.3.2 Interfae Model
The explanation of these results requires a mirosopi theory beyond the oarse-grained
phenomenologial model of Eq. (1.1).[17, 26, 27℄ Unfortunately, the results of Ref.[17,
26, 27℄ are mathematially rather involved and provide limited physial insight as to the
origin of the ℓ dependent surfae tension.
Here we briey advane an explanation whih is both simple and intuitive. The key
point in our treatment is to note that the number density, ρ(r; Ξ) at a point r = (x, z)
lose to an undulated interfae, denoted Ξ, is given by the shortest distane h(r; ℓ) away
from the lm prole ℓ as:
ρ(r; Ξ) = ρπ(h; ℓ) (1.8)
where ρπ(z; ℓ) is the density prole of a planar interfae with average lm height ℓ. In
general, it is a very ompliated mathematial problem to express h(r; ℓ) as a funtion
of the lm prole ℓ(x).[38℄ In pratie, it is enough to onsider that h(r; ℓ) is given by
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the perpendiular distane to ℓ(x).1 For small gradients and for distanes away from
the prole that are smaller than the wavelength of undulations, the normal is uniquely
dened and may be given as:[39℄
h(r; ℓ) =
z − ℓ(x)√
1 + (∇ℓ)2 (1.9)
In the limit where the gradient is very small, h = z − ℓ(x) is the vertial distane to
the interfae, and Eq. (1.8) reovers the lassial Bu, Stillinger and Lovett model of
apillary waves.[40℄
The ansatz embodied in Eq.1.8-1.9 has important impliations as to the nature of
the interfae Hamiltonian. To see this, onsider, following Ref.[11, 36℄ that all of the
interfae potential is ditated by wall-uid van der Waals interations, as desribed by
a wall-uid external eld, V (z). The interfae Hamiltonian is then written as:
H [ℓ] =
∫ [∫
V (z)ρπ
(
z − ℓ(x)√
1 + (∇ℓ)2
)
dz +
1
2
γlv (∇ℓ)2 −∆p ℓ
]
dx (1.10)
where it is now lear that the seond integral, orresponding to the interfae potential,
is no longer a simple funtion of the lm height, but also depends on its gradient.
In order to understand the signiane of this new feature, we expand ρ(r; Ξ)
about a planar interfae:
ρ(r; Ξ) = ρπ(z; ℓ)− ρ′π(z; ℓ) δℓ+
1
2
ρ′′π(z; ℓ)δℓ
2 − 1
2
(z − ℓπ)ρ′π(z; ℓ)(∇ℓ)2 (1.11)
This prole an now be integrated over x to yield:
〈ρ(r; Ξ)〉
x
= ρπ(z) +
1
2
ρ′′π(z)
〈
δℓ2
〉
x
− 1
2
(z − ℓ)ρ′π(z)
〈
(∇ℓ)2〉
x
(1.12)
where < ... >x denotes an unweighted lateral average. Alternatively, performing a
thermal average provides the same result as above, with the subsript x replaed by Ξ,
denoting a anonial average over all possible interfae utuations. This shows that
the average density prole is dierent from the mean eld prole for a planar interfae
ρπ(z; ℓ), a result that is known as apillary wave broadening. However, ontrary to the
1
Note that generally it is possible to nd normals to the lm prole that interset. This means
that one an nd more than one perpendiular distane to the interfae at a point. However, this will
our only for points well away from the interfae, where the density is nearly equal to the onstant
bulk density. Sine the properties we aim at are given in terms of density derivatives, whih are zero
away from the interfae, this multipliity of solutions is therefore not a problem (see Ref.38 and 39 for
a detailed disussion).
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lassial expetations[41, 42℄ (i.e., rst two terms in the right hand side), our approah
provides an additional ontribution of order squared gradient on the lm prole.
The impliation of this new term may be immediately assessed by onsidering the
ontribution of the wall-uid potential, V (z) to the interfae potential:
gV (Ξ) =
∫
V (z) 〈ρ(r; Ξ)〉
x
dz (1.13)
Substitution of Eq. (1.12) into the above equation, shows that the free energy of a given
realization Ξ of the interfae roughness may be expanded to quadrati order in the lm
utuations as:
gV (Ξ) = gV (ℓ) +
1
2
g′′V (ℓ)
〈
δℓ2
〉
x
+∆γ(ℓ)
〈
(∇ℓ)2〉
x
(1.14)
The last term in this expansion is proportional to (∇ℓ)2 and may be therefore identied
with an eetive additional lm height dependent ontribution to the surfae tension:
∆γ(ℓ) = −
∫
V (z)(z − ℓ)ρ′π(z; ℓ)dz (1.15)
In order to make expliit the ℓ dependene of the above integral in a more familiar form,
we note that, to a good approximation, we an write:
−(z − ℓ)ρ′π(z; ℓ) = ξ2eρ′′π(z; ℓ) (1.16)
where ξ2e is an empirial parameter of the same order of magnitude as the loal interfaial
width. The above identity should hold exatly for small distanes about z − ℓ, where
the integrand makes most of its ontribution. As an example, the familiar tanh(z/ξb)
density prole, whih has an interfaial width ξb, obeys the above result exatly up to
order (z − ℓ)2, with ξe = 2ξb.
By virtue of this approximation, we an express ∆γ(ℓ) expliitly in terms of the
familiar disjoining pressure as:[26, 27℄
∆γ(ℓ) = −ξ2e
dΠV (ℓ)
dℓ
(1.17)
where ΠV (ℓ) denotes the external eld ontribution to the disjoining pressure (.f.
Eq. (1.30)).
1.3.3 Impliations
The impliations of the above result may be readily assessed by notiing that ∆γ(ℓ)
stems from a oupling of the interfae utuations with the walluid external eld. In
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the limit where the lm is very thik, the external eld vanishes at the interfae, and we
expet to reover the lassial result, Eq.1.5-1.6 for the free energy and utuations. For
the ase of thin lms, ∆γ(ℓ) beomes important and must be added to the free energy.
Aordingly, the form of Eq.1.5-1.6 survives, albeit with γlv replaed by a lm height
dependent surfae tension:
A〈|δℓ(q)|2〉 = kBT
g′′(ℓ) + γ(ℓ) q2
(1.18)
where the new oeient of order q2 is now:[26, 27℄
γ(ℓ) = γlv − ξ2e
dΠV (ℓ)
dℓ
(1.19)
The above expression is the main result we wish to test in this work.
1.4 Model and Simulations
1.4.1 Model
In our previous work,[26℄ we studied a model of Ar adsorbed onto solid CO2.[43, 44, 45,
46, 47, 48℄ Our simulations where performed at the wetting transition, whih is very lose
to the triple point of Ar both for the simulation model,[48, 49℄ and in experiments.[50℄
For this reason, the adsorbed liquid was strongly layered, and the resulting disjoin-
ing pressure isotherm exhibited a rather omplex osillatory behavior.[26, 27℄ This is
interesting per-se, but very muh ompliates the theoretial analysis.
In order to get rid of this ompliation and test Eq. (1.19) in the more transparent
way as possible, we wish to study the adsorption of Ar well above the wetting transition,
in a state of omplete wetting. In priniple this ould be ahieved by simply raising the
temperature. Unfortunately, the Ar/CO2 model exhibits a very high prewetting ritial
temperature.[44, 48, 51℄ As a result, it is not possible to avoid the prewetting regime
without approahing the ritial point of Ar, whih is even a more serious ompliation.
For that reason, we study Argon well below the ritial point, and instead inrease the
strength of the wall-uid potential by about a fator of two. This has the eet of
pulling down the prewetting ritial point,[52℄ and aordingly, drive the system to a
state of omplete wetting at moderate temperature. Furthermore, the inrease of the
wall-uid interations inreases the range where the disjoining pressure is signiant and
thus allows for a more lear test of Eq. (1.19).
More speially, we desribe Ar by means of a Lennard-Jones model, with pair
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interations u(r) given by:
u(r) =
 4ǫ
[(
σ
r
)12 − (σ
r
)6]
r ≤ rc
0 r > rc
(1.20)
where ǫ/kB = 119.8K (995.58 Jmol
−1
) is the depth of the potential well and σ = 3.405Å
is the moleular diameter. Notie that the standard LJ potential is trunated as is usual
in this model at rc = 2.5σ for the sake of omputational onveniene.[44, 45, 46, 47, 48℄
Relative to the untrunated model, this has the advantage of dereasing the wetting
temperature,[46, 53℄ and avoids ompliations in the interpretation of the apillary wave
spetrum.[38, 54, 55, 56℄
As for the CO2 solid phase, it is desribed by means of an idealized at wall with
the usual 9-3 potential that results from integrating LJ pair interations for a semi
innite solid phase. More speially, interations of Ar with CO2 are modeled by an
external eld of the form:
V (z) =
2π
3
σ3wfρwǫwf
{
2
15
(σwf
z
)9
−
(σwf
z
)3}
(1.21)
where z is the perpendiular distane of an Ar atom to the wall, σwf = 1.096σ and
ǫwf = 2.7908ǫ are the walluid parameters, while ρwσ
3
wf = 0.988 is the substrate's
redued density.
Through out the paper, we simulate at a temperature of T=107.82 K, whih in
redued LJ units is kBT = 0.90ǫ, orresponding to a ratio T/Tc = 0.71 relative to
the ritial temperature of Ar. At this temperature, the oexistene densities are,
ρl = 0.7154σ
−3
and ρv = 0.02498σ
−3
. Aordingly, the Hamaker onstant, whih in
terms of the moleular parameters of the model is given by
Hw = 4π
2σ6wfρwǫwf(ρ
c
l − ρcv) (1.22)
has the value Hw = 1.6 · 10−19J . This falls well in the range (0.4− 4) · 10−19J of typial
Hamaker onstants.[7℄
1.4.2 Simulation details
All of our results are obtained by means of Monte Carlo simulations (MC) in either the
NVT or µVT ensemble. Our systems onsist of N moleules plaed in a retangular box
with sides Lx = Ly = 10σ and Lz = 50σ. The solid substrate as desribed by Eq. (1.21)
is plaed perpendiular to the z diretion in one side of the box, while a purely repulsive
wall is plaed in the opposite side. Periodi boundary onditions are applied in x and y
diretions.
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Our simulations are organized in yles, where eah yle orresponds to N trial
MC moves. Apart from standard Metropolis translation of partiles, grand anonial
simulations are performed using a biased insertion/deletion sheme.[57, 58℄ Similarly,
the sampling of NVT simulations inorporates a biased random removal and reinsertion
of moleules.[59℄ These movements are attempted randomly in a ratio 1:1. Typially,
the systems under study are equilibrated for 2·105 yles and data is olleted for 2·107
yles.
Capillary wave spetrum
We study systems of adsorbed lms ranging from two to fourteen moleular diameters
thik. During the ourse of the simulations, 20.000 ongurations are saved for further
analysis. For eah onguration a lm height prole ℓ(x) is determined employing the
Intrinsi Sampling Method (ISM) and the Fourier omponents, ℓ(q), evaluated.[60, 61℄
After performing a thermal average, the spetrum < |ℓ(q)|2 > for eah lm is tted to a
quadrati polynomial in q2, in order to obtain estimates for g′′(ℓ) and γ(ℓ) (see below).
Disjoining pressure
In previous work,[62, 53, 26℄ we have usually estimated Π(ℓ) using a free energy method
whih diretly measures the interfae potential g(ℓ). The disjoining pressure isotherm
an then be obtained from Eq. (1.3). This method provides a wealth of information on
wetting properties, but is otherwise omputationally expensive.[62, 63, 64, 65℄
In this work we adopt an alternative proedure based on the mehanial denition
of the disjoining pressure whih more diretly resembles experimental methods suh as
the aptive bubble tehnique.[66, 67, 68, 69℄
By denition, the disjoining pressure of a liquid lm is the pressure suh lm
exerts on the bounding vapor and solid phases, as measured in exess to that of a bulk
liquid with the same hemial potential.[8℄ By reasons of mehanial equilibrium, the
normal pressure of the liquid lm must equal that of the onning vapor phase, while
material equilibrium requires suh phases to have also equal hemial potential.[70, 71℄
Aordingly, the disjoining pressure of a liquid lm may be given as:
Π(ℓ) = pv(µ)− pl(µ) (1.23)
where pv and pl are the bulk vapor and liquid pressures at hemial potential µ. Cast
in this form, one sees that Π(ℓ) may be estimated from purely bulk properties. Only
the preise value of ℓ onsistent with the imposed hemial potential is atually a purely
surfae property.
In the aptive bubble tehnique, the right hand side of this equation is readily
estimated from the Laplae pressure dierene of a vapor bubble gently onning the
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liquid lm against a substrate, while the orresponding lm height, ℓ, is measured by
means of an interferometri tehnique.[66, 67, 68℄
In our simulations, we estimate ℓ using the ISM tehnique,[60, 61℄ whih, we
heked provides similar results as obtained by equating the number of adsorbed moleules
Nads = (ρl − ρv)Aℓ. The Laplae pressure dierene of Eq. (1.23) is estimated in two
stages.
Firstly, we estimate the equilibrium hemial potential of the adsorbed lm. This
is done by means of a restrited grand anonial simulation. i.e., a standard µVT
simulation is performed, but the amount of moleules within the system is allowed
to utuate only by ±1 moleules about the desired anonial onguration of Nc
moleules. This may be ahieved in pratie by introduing an additional Boltzmann
fator exp(−βWc(N)), with Wc(N) a weighting funtion, to the usual grand anonial
Monte Carlo aeptane rule. The weighting funtion is null whenever the system has
a number of moleules falling in the interval [Nc − 1, Nc + 1], but is innity otherwise.
Whene, naturally, the grand anonial simulation samples unbiased grand anonial
probabilities about Nc ± 1, while attempts to insert or remove partiles beyond this
interval have always zero probability by virtue of the weighting funtion.
During the ourse of the simulation, the probability P (N) of observingN moleules
in the system is measured (whih, by virtue of the weighting funtion is restrited to
measuring P (Nc − 1), P (Nc) and P (Nc + 1)). The hemial potential is then estimated
as:[72℄
β(µ− µ0) = −d lnP (N)
dN
(1.24)
where µ0 is the hemial potential imposed during the grand anonial simulation, and
β = 1/kBT , with kB the Boltzmann onstant. This tehnique an be viewed as an
extension of Widom's test partile method for the alulation of the exess hemial
potential. The advantage of our method is that is provides right away the full hemi-
al potential, not just the exess part. Aordingly, it easily allows the alulation of
hemial potentials for inhomogeneous systems.
Performing this trik for very thik liquid lms, or alternatively, for liquid slabs
inside a box with periodi boundary onditions in all three diretions also allows to
aurately measure the oexistene hemial potential. This proedure is of similar
auray, but muh less time onsuming than performing a full multianonial simulation
followed by appliation of the equal area rule.[73℄
In a seond stage, we measure the bulk density isotherms ρv(µ) and ρl(µ) over
the range of desired hemial potentials. For the vapor phase, this is readily ahieved
by performing grand anonial simulations at hemial potentials orresponding to the
desired lm heights. Additional are must be exerised to obtain ρl(µ), sine results are
needed in a range of hemial potentials where the liquid bulk phase is metastable.[74℄
The avitation of the liquid may be avoided by performing simulations in a suiently
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small system.[75, 62℄ For our purposes, ubi boxes of L = 10 where found to be su-
iently small. Even so, it is advantageous to perform multi-anonial simulations over a
restrited range of moleules below the liquid spinodal,[76℄ and then estimate the density
isotherm from Eq. (1.24).
One the density isotherms have been measured, the right hand side of Eq. (1.23)
may be estimated by means of the Gibbs-Duhem equation as:
pl(µ)− pv(µ) =
∫ µ
µc
(ρl − ρv)dµ′ (1.25)
Obviously, this pressure dierene ould have been estimated diretly from the virial.[71,
74℄ However, measuring the mehanial pressure in a simulation usually provides large
error bars, and the preise form of the pressure tensor is dependent of the model. Parti-
ularly, for the LJ model studied here, one needs to deal with the impulsive ontribution
to the pressure that results from the disontinuity of the potential at rc.
1.5 Results
As mentioned above, all of the results presented in this setion orrespond to adsorption
isotherms of Ar onto a solid model substrate at a temperature T=107.82K. This yields
a thermal to moleular energy ratio of kBT/ǫ = 0.9. In what follows, all energies will be
measured in units of the thermal energy kBT , and all lengths in units of the moleular
diameter σ.
1.5.1 Film struture and disjoining pressure
Film struture
The inset of 1.1 displays results for the density prole of an adsorbed liquid phase at
oexistene. The prole exhibits strong osillations with a period of about one moleular
diameter, as is known in related systems.[30, 43, 77, 78, 79℄
This harateristi struture does not stem from the long range external potential
V (z) ≈ z−3, but rather, is mostly the result of liquid like paking orrelations whih
originate from the steep, short ranged repulsive part of the wall V (z) ≈ z−9. In suh
ases, it may be shown that both the period of the osillations, as well as the deay of
the orrelations is given by purely bulk liquid properties.[80, 81, 82℄
In fat, the density of an adsorbed liquid lm may be expressed as:
ρwl(z) = (1 + hwl(z))ρl (1.26)
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Figure 1.1. Disjoining pressure as a funtion of lm height. Red squares are results for Π(ℓ) obtained
from thermodynami integration. Green diamonds are results for ΠV (ℓ) obtained via Eq. 1.13 and
the solid blue line orresponds to ΠHD(ℓ), Eq. (1.35). Inset: Density prole of an innite liquid lm
adsorbed on the substrate. Simulation results are ompared with preditions of Eq. (1.27), using
be = 0.8953σ
−1
, bo = 1.9908σ
−1
and ko = −6.4820σ−1 as obtained from independent ts to the bulk
radial distribution funtion, and Be, Bo as only adjustable parameters.
where ρl is the bulk liquid density, and hwl(z) is the wall-liquid orrelation funtion. An
aurate desription of the density prole is ahieved using density funtional theory.[83,
84, 85℄ At the moderate temperatures studied here, however, hwl(z) may be aurately
desribed beyond one moleular diameter by:[80, 81℄
hwl(z) = Bee
−bez +Bocos(koz + θw)e−boz (1.27)
where both the inverse orrelation lengths be = 0.8953σ
−1
and bo = 1.9908σ
−1
, and
the wave vetor ko = −6.4820σ−1 are exatly as those desribing the bulk liquid pair
orrelation funtion. Only the amplitudes, Be, Bo and the phase, θw are ditated by
wall-uid interations.
We test Eq.1.26-1.27 by tting the density prole with only Be, Bo and θw as
adjusting parameters, and taking the oeients be, bo and ko from independent ts to
the bulk liquid pair orrelation funtion obtained in our simulations. 1.1 shows that the
desription of the adsorbed liquid prole is rather aurate.
Obviously, this desription is missing additional orrelations related to the wall-
uid long range interations. However, suh orrelations are of order ρlκlV (z). Sine the
bulk liquid ompressibility, κl is usually small, it hardly aets the muh stronger short
range paking orrelations and may be ignored at the level of qualitative desription
that is sought here.[27℄
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Having desribed the struture of the adsorbed liquid, let us now onsider the
struture of the liquid lms. 1.2 displays results for density proles of dierent adsorbed
lms ranging from 3σ to 14σ. The proles resemble a liquid-vapor interfae ρlv(z)
translated from the wall surfae (z = 0) by the average lm height ℓ, with the wall-liquid
osillations superimposed onto the liquid branh. In fat, the following superposition
approximation provides a rather reasonable desription:
ρ(z) = (1 + hwl(z))ρlv(z; ℓ) (1.28)
where ρlv(z; ℓ) is the density prole of a free liquid-vapor interfae entered at ℓ.
1.2 shows a t of the density proles to the above equation, with hwl borrowed
exatly from the previous t to the wall-liquid density prole, and ρlv(z; ℓ), a t to a
free liquid-vapor interfae. In order to aount for the dierent orrelation lengths of
the liquid and vapor branhes of the free interfae, we have used a double parabola
approximation, whereby the density prole is given as a piee-wise funtion:[86, 87℄
ρlv(z) =

ρl − bvbv+bl (ρl − ρv)ebl(z−ℓ) z ≤ ℓ
ρv +
bl
bv+bl
(ρl − ρv)e−bv(z−ℓ) z > ℓ
(1.29)
Despite its simpliity, the model inorporates naturally the asymmetry of the liquid and
vapor phases and is able to provide semiquantitative results for the density proles
using bl = 1.04σ
−1
and bv = 1.18σ−1.
Disjoining pressure
The results for the disjoining pressure isotherm are shown in 1.1. Despite the very strong
osillatory behavior of the liquid lms, Π(ℓ) is a smooth monotonially deaying funtion
for all lm heights studied, orresponding learly to a regime of omplete wetting.
Usually, the observation of a stratied density prole is related to measurable
osillations of the disjoining pressure.[77℄ Indeed, in our previous study of adsorption
lose to the uid's triple point, osillations were learly visible in Π(ℓ).[26℄
In order to understand how the density osillations propagate into the disjoining
pressure isotherm, we rst notie that in our system, Π(ℓ) is ompletely dominated by
the external eld ontribution in all the range of lm heights studied. This an be
shown by alulating the external ontribution to g(ℓ), Eq. (1.13) exatly, using the
measured density proles from simulation, followed by numerial dierentiation with
respet to the lm height. The result, denoted ΠV (ℓ) is displayed in 1.1, and shows very
good agreement with the full disjoining pressure isotherm obtained from simulation. A
similar behavior is often onsistent with experimental observations.[66, 67, 68, 69℄
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Figure 1.2. Density proles for several adsorbed lms of height ℓ ranging from 3.3, 4.6, 5.9, 7.8, 9.5,
11.7 to 13.7σ (solid lines). The dashed lines are estimations from the superposition model of
Eq.1.27-1.29, with ℓ as the only adjustable parameter. For the thikest lms the superposition model
falls right on top of the simulation results and is hardly visible.
This indiates that essentially Π(ℓ) = ΠV (ℓ) in our system, so we an now attempt
to give a qualitative understanding of the onjetured osillatory behavior of Π(ℓ) in
terms of the behavior of ΠV (ℓ) alone. This an be ahieved by notiing, from the
denition of disjoining pressure, that:
ΠV (ℓ) = −
∫ ∞
0
V (z)
dρ(z; ℓ)
dℓ
dz (1.30)
A tratable analyti approximation for this integral may be obtained using the qualita-
tive model for ρ(z; ℓ) that is aorded by Eq.1.26-1.29, and notiing that the derivative
of ρ(z; ℓ) is highly peaked about ℓ. This allows us to expand the leading order attrative
ontribution of V (z) to zeroth order about ℓ. In order to simplify the resulting expres-
sions, we further assume that the three inverse orrelation lengths bl = bv = be are equal
and are denoted simply as b. As a result, we an write:
ΠV (ℓ) =
Hw
6πℓ3
(IH + Ie + Io) (1.31)
where we have split the disjoining pressure into Hamaker, exponential and osillatory
ontributions. The Hamaker ontribution stems from the struture of the free liquid-
vapor interfae alone and is given by:
IH = 1− 1
2
e−bℓ (1.32)
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Notie an exponentially deaying orretion arising from the tails of the free interfae,
whih is assumed a stepwise funtion in the Hamaker-Derjaguin model.
An additional ontribution stems from the wall-uid exponentially deaying or-
relations, and is given by:
Ie =
1
4
Be(1 + 2bℓ)e
−bℓ
(1.33)
Finally, the last term arises from the damped osillatory wall-uid orrelations, and
reads:
Io = Bo
[(
b
ko
)2
cos(koℓ+ θw)e
−boℓ − 1
2
b
ko
sin(θw)e
−bℓ
]
(1.34)
where we have only retained leading order terms in b/ko for the sake of larity. This
assumption yields an upper bound for the amplitude of the osillatory ontribution.
Clearly, IH and Io provide essentially a monotonous deay beyond a few moleular
diameters, so that the only soure of osillatory behavior appears in the rst ontribution
to Io. This term will beome large and produe osillations in Π(ℓ) only if the amplitude
Bo and deay rate of bulk orrelations b beome large enough, while the deay rate of
osillations, bo, beomes small enough. This is indeed expeted at low temperature.[80,
81, 82℄ In our system, however, b ≈ σ−1 and ko ≈ 2π/σ , so that the ratio (b/ko)2
is very small and the disjoining pressure is essentially dominated by the monotonous
ontribution IH .
This an be seen right away in 1.1, where we ompare the simulation results for
Π(ℓ) with the leading order Hamaker-Derjaguin ontribution:
ΠHD(ℓ) =
Hw
6π
ℓ−3 (1.35)
Clearly, this simple approximation provides a good desription for ℓ larger than about
3σ, and gives further support to the idea that most of Π(ℓ) is given by van der Waals
interations in our system.
1.5.2 Interfae utuations and apillary wave spetrum
We now attempt to analyze the apillary wave utuations of our thin wetting lms
in order to assess the adequay of either the lassial result, Eq. (1.6), or the modied
expression Eq. (1.18).
To perform this study, we rst must take into onsideration that our simulations
are performed for fairly limited system sizes, so that only small wavelength utuations
an be studied. Therefore, the appliation of Eq. (1.6) and Eq. (1.18) to atomi length
sales requires to aount for ontributions of order higher than q2. In the most general
ase, the additional ontributions are rather ompliated.[38, 54, 55℄ For our model
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Figure 1.3. Seond derivative of the interfae potential as a funtion of ℓ. Blak irles are data
obtained from CW spetrum, red squares are data obtained from thermodynami integration, the
solid green line was obtained via Eq. (1.13), and the solid blue line orresponds to the
Hamaker-Derjaguin model of Eq. (1.35).
system, however, the uid-uid interations are trunated, and therefore, short-ranged.
In this ase, it is well known that terms odd in q vanish for reasons of symmetry, and
the next to leading order ontribution is thus of order q4.[38, 55℄
Taking this into aount, we an write for the apillary wave spetrum of interfaial
utuations:
kBT
A 〈|δℓ2(q)|〉 = g
′′
cw(ℓ) + γcw(ℓ) q
2 + κcw(ℓ) q
4
(1.36)
where the bending rigidity oeient, κcw, is inorporated in order to extend the low
wave vetor result of Eq. (1.6) and Eq. (1.18) to atomi sale utuations. In the lassial
model, Eq. (1.6), g′′cw(ℓ) = −Π(ℓ), while γcw(ℓ) is a onstant equal to γlv. Aording to
Eq. (1.18), g′′cw(ℓ) also equals −Π(ℓ), but now γcw(ℓ) = γ(ℓ) as indiated in Eq. (1.19).
The oeients g′′cw(ℓ) and γcw(ℓ) obtained from ts of the apillary wave spetrum
to Eq. (1.36) are displayed in 1.3-1.4.
1.3 ompares the zero order oeients, g′′cw for dierent lm heights, with the ℓ
derivative of Π(ℓ) as obtained independently from thermodynami integration. Clearly,
both properties are in very good agreement in all the range of lm heights studied, and
suggest that Eq. (1.6) is indeed a orret model for the lm height utuations, at least
to zero order in the wave-vetor.
To the best of our knowledge, a similar test of onsisteny has only been presented
previously in our reent work.[26, 27℄ Also shown in 1.3 is the result for g′′(ℓ) as expeted
from the Hamaker model. The good agreement found for this model with the disjoining
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Figure 1.4. Plot of γ(ℓ) vs ℓ obtained from the apillary wave spetrum (blak irles). The arrow
indiates the surfae tension of the free liquid-vapor interfae, βγlv = 0.463σ
−2
. Dierent ts to Eq.
1.19, with ξ2e the only adjustable parameter, are shown for dierent ways of obtaining Π
′(ℓ). Red solid
line orrespond to Π′(ℓ) obtained from thermodynami integration, green dashed-dotted line
orresponds to Π′(ℓ) estimated from Eq. (1.13), and blue dashed line orresponds the
Hamaker-Derjaguin model, Eq. (1.35).
pressure isotherm, 1.1, holds in this ase only beyond ve moleular diameters. However,
we an still show that g′′(ℓ) is dominated by the van der Waals interations by plotting
g′′V (ℓ) as obtained from suessive numerial dierentiation of Eq. (1.13). As found
previously for 1.1, the agreement is again very good.
1.5.3 Film height dependent surfae tension
Next we plot the oeients γcw in the polynomial t to the apillary wave spetrum,
Eq. (1.36). Aording to the lassial theory, Eq. (1.6), suh oeient is onstant,
independent of ℓ and equal to the liquid-vapor surfae tension. Our results, 1.4, show
that indeed, γcw remains nearly onstant for thik lms beyond ℓ = 8σ, and has a value
very lose to independent alulations of γlv as obtained from the virial.
Suh results are onsistent with previous studies, where it was found that the CWS
provides good estimates of the surfae tension for free interfaes.[22, 23, 88, 89℄
For thin lms, however, the oeients γcw rise strongly as ℓ beomes smaller. A
similar behavior was reported already a while ago by Werner et al. in their study of
inmisible binary polymer melts subjet to van der Waals fores.[19℄ A related, albeit
non monotonous dependene was also found in a reent study.[26℄
Suh behavior annot be explained in the framework of the lassial theory.
In our previous study, we suggested that the anomalous ℓ dependene of the o-
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eient γcw arises from a oupling of apillary wave utuations to the external eld.
This results in a lm height dependent surfae tension as indiated by Eq. (1.19).
1.4 displays a test of Eq. (1.19), using the asymptoti γlv obtained from the simula-
tion of a free interfae, our results for Π(ℓ) as obtained from thermodynami integration,
and the orrelation length ξe = 1.0σ as the only empirial parameter. The t is learly
in good agreement with the results for γcw, and lends strong support to Eq. (1.19). The
eetive orrelation length ξe = 1.0σ is onsistent with order of magnitude estimates of
the bulk orrelation lengths obtained from ts to the density proles, whih reall were
1/bl = 0.963σ and 1/bv = 0.848σ.
A further test of onsisteny requires to hek that the ℓ dependene of γcw is given
by external eld ontributions, as implied in Eq. (1.19). We test this by estimating γcw
aording to Eq. (1.19), but using the numerial derivative of ΠV (ℓ), instead of the full
result Π(ℓ). The agreement is again very good, and the resulting t yields almost the
same eetive orrelation length ξe = 1.02σ as before. Notie, however, the agreement
breaks down at about two moleular diameters. This might be signaling a rossover to
a regime where short-range ontributions beome important, but ould also be related
merely to diulties in obtaining a meaningful seond derivative at the borders of the
polynomial t to ΠV (ℓ).
As a nal remark note that for the simple ase where Π(ℓ) follows exatly the
Hamaker-Derjaguin model, Eq. (1.19) then redues to a result suggested by Bernardino
et al. in the framework of a nonloal theory of interfaes.[17℄ A t to this model yields
overall a reasonable agreement (1.4), partiularly at small ℓ. On the ontrary, 1.1 and 1.3
show that the HD model an only be expeted to agree at large ℓ. Thus, the overall good
performane of this model in the range from ℓ = 2σ to ℓ = 10σ is somewhat ditated by
the least square tting proedure, whih indeed yields a t parameter ξ2e = 0.47σ
2
that
is too small ompared to our previous more aurate estimate ξ2e = 1σ
2
.
1.5.4 Healing distane
The results of g′′cw and γcw obtained in previous setions allow us to quantify the parallel
orrelation length of the adsorbed lms as ξ2h = γcw/g
′′
cw. This quantity ditates the
length sale over whih orrelations deay as a result of a perturbation of the equilibrium
lm height.[83℄ An immediate pratial result is that adsorbed lms are able to heal
rough substrates with roughness of smaller wavelength than ξh, whene, the name of
healing distane.[2, 11, 28, 29, 36℄
Aording to the lassial theory, ξ2h → 0 as g′′ diverges at small ℓ (.f. Eq. (1.7)).
On the ontrary, using our theoretial approah, Eq. (1.19), we nd:
ξ2h =
γlv
g′′(ℓ)
+ ξ2e (1.37)
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This result sets a lower bound to ξh, whih annot be smaller than the bulk orrelation
length of the liquid lm.
1.5 displays the results for the healing distane as obtained from our data. Sine
ξ2h spans several orders of magnitude, we rather plot 1/ξ
2
h. At large ℓ, the lassial
estimate mathes well the simulation results. As ℓ beomes small, however, the results
learly show a weaker inrease of 1/ξ2h than would be expeted from the lassial theory.
A further hek is shown in the inset, where we plot ξ2h in a range of ℓ between 2
and 4 moleular diameters. Results are systematially above the lassial expetation.
Furthermore, we nd the dierene to be about onstant and very lose to 1σ2, whene,
preisely as the value obtained for ξ2e in our ts to γcw. This is in omplete agreement
with Eq. (1.37), and lends further support to the ansatz, Eq. (1.8), and its onsequenes,
Eq. (1.18) and Eq. (1.19).
1.6 Conlusions and outlook
In this paper we have studied the lm height utuations of adsorbed liquid lms.
Aording to the lassial interfae Hamiltonian, the spetrum of suh utuations pro-
vides information on the disjoining pressure and the liquid-vapor surfae tension of the
adsorbed lms (Eq. (1.36)). In our study, we have shown that the disjoining pressure es-
timated from the spetrum of utuations is in full agreement with independent results
obtained from thermodynami integration (1.3). However, we show that the orrespond-
ing results for the surfae tension strongly depend on the lm height of the adsorbed
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lms (1.4). We have shown that the observed lm height dependene may be explained
by means of a simple theory in whih the density at a point is given by the shortest per-
pendiular distane away from the lm prole (Eq. (1.8) and Eq. (1.9)). This provides a
mehanism whereby the apillary wave utuations ouple with the wall-uid external
eld, leading to the observed lm height dependent ontribution to the surfae tension
(Eq. (1.15) and Eq. (1.17)). An additional onsequene is that the healing distane of
the uid is inreased with respet to the lassial expetation by a onstant of the same
order of magnitude as the bulk orrelation length (Eq. (1.37)).
The results summarized above have important impliations in our understanding
of adsorbed liquid lms. They imply that, lose to the substrate, neither the interfae
potential, nor the related disjoining pressure an possibly be desribed as a loal funtion
of the lm prole ℓ(x). The nonloal harater of the interfae Hamiltonian has been
reognized by Andelman et al.[11℄ and studied in depth by Parry and ollaborators
both for systems with short range,[16, 17℄ and long range fores.[17℄ In our minimal
model (Eq. (1.8) and Eq. (1.9)), the nonloality is desribed in terms of loal funtions
of the lm height and its gradient. For the speial ase where the interfae potential
is dominated by long range wall-uid van der Waals fores, this level of desription
is suient to provide aurate expressions for the free energy, Eq. (1.10), and the
spetrum of utuations Eq. (1.18) and Eq. (1.19).
Whereas more diult to test in pratie, it is more relevant to ask: what is the
equilibrium lm prole onsistent with the nonloal funtional of Eq. (1.10)? The answer
to this question is provided by solving for the extremum, and results in the following
ondition for the lm prole:
∇ ·
[(
γlv − ξ2e
dΠ(ℓ)
dℓ
)
∇ℓ
]
+Π(ℓ)
[
1− 1
2
(∇ℓ)2
]
= −∆p (1.38)
Where, for the sake of simpliity, we have assumed merely a loal dependene of Π(ℓ)
on the lm height, whih must be extended to an additional loal dependene in the
gradient for the more general ase.
Clearly, for equilibrium lms that are thik, the disjoining pressure vanishes, and
the above result redues to the Young-Laplae equation. For thin lms, however, Π(ℓ)
is signiant, and the above result then extends the Young-Laplae equation to the
subnanometer length sale, providing orretions whih are absent in the augmented
Young-Laplae equation. Taking into aount the additional ontributions ould sub-
stantially improve our understanding of adsorbed ondensates at the nanometer length
sale.[2, 4, 31, 33, 34℄
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2.1 Abstrat
We study, by means of omputer simulations, the rystal-melt interfae of three dierent
systems: hard-spheres, Lennard Jones and the TIP4P/2005 water model. In partiular,
we fous on the dynamis of surfae waves. We observe that the proesses involved in
the relaxation of surfae waves are haraterized by distint time sales: a slow one
related to the ontinuous rerystallization and melting, that is governed by apillary
fores; and a fast one whih we suggest to be due to a ombination of proesses that
quikly ause small perturbations to the shape of the interfae (like e. g. Rayleigh
waves, subdiusion, or attahment/detahment of partiles to/from the rystal). The
relaxation of surfae waves beomes dominated by the slow proess as the wavelength
inreases. Moreover, we see that the slow relaxation is not inuened by the details of
the mirosopi dynamis. In a time sale harateristi for the diusion of the liquid
phase, the relaxation dynamis of the rystal-melt interfae of water is around one order
of magnitude slower than that of Lennard Jones or hard spheres, whih we asribe to the
presene of orientational degrees of freedom in the water moleule. Finally, we estimate
the rate of rystal growth from our analysis of the apillary wave dynamis and ompare
it with previous simulation studies and with experiments for the ase of water.
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2.2 Introdution
The rystal-melt interfae (CMI) has a great relevane in materials siene given that its
properties have a strong inuene in rystal nuleation and growth, as well as on wetting
phenomena [1, 2℄. Despite its importane, the CMI is far less understood than the
uid-uid interfae beause the former is diult to probe with standard experimental
tehniques like X-ray diration [3℄. For example, it is well known that the interfaial
tension of liquid water at ambient onditions is 72 mN/m, whereas the reported values
for the ie-water interfaial free energy at ambient pressure range from to 25 to 35 mN/m
[4℄. Also the dynamis of the uid-uid interfae is far better understood than that of
the CMI [5, 6℄. Understanding the dynamis of the CMI is of great interest given that
it an provide valuable insight to the important proess of rystal-growth [7, 8℄.
The CMI interfae is not at, but rather exhibits relatively large undulations of
the loal interfae position, or surfae waves (SW), as a result of thermal exitations (see
online movie [9℄). For length sales below the apillary length, SW are mainly governed
by the interfaial stiness and are known under the name of apillary waves (CW).
The equilibrium and dynami properties of CW at the uiduid interfae have a long
history and were already studied by Smoluhowski and Kelvin [10, 11℄. For the CMI,
the study of the CW spetrum provides stati properties, like the interfaial stiness or
the interfaial free energy [12, 13℄.
At smaller length sales and higher frequenies, the surfae of elasti media exhibit
thermal exitations known under the name of Rayleigh waves [14℄. These are small
amplitude, high frequeny perturbations that result from the elasti response of the
solid.
Rayleigh and CW serve as a benhmark for the study of other surfae phenomena
in more omplex materials. For example, polymer solutions and polymer gels, whih
are able to support both elasti and visous response, exhibit a rossover from apillary
to elasti SW [15, 16, 17℄. The CMI also appears as an interesting system for the
observation of SW. The solid phase is elasti and ould in priniple exhibit Rayleigh
waves, while the uid phase is visous and ould rather favour CW.
Unfortunately, despite the fair amount of theoretial researh in the eld, there
seems to be no appropriate theoretial framework for the study of rystal-melt SW
dynamis. Pleiner, Harden and Pinus extended the Rayleigh theory in order to inor-
porate the visoelasti response of polymeri materials, but did not onsider polymers
in ontat with a visous dense phase [18, 19℄. The theory was later extended to study
a dense uid on an elasti medium, but apillary fores were negleted [20℄. On the
ontrary, Jeng et al extended the Kelvin theory to study SW at the interfae of two
dense uids, but did not inorporate the elasti response of the solid [6℄. A suitable
theoretial framework is in priniple that of Baus and Tejero, who onsidered SW at the
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interfae of two uids baring simultaneously visous and elasti response. However, the
nal results were worked out only for the speial ase of a vapour-liquid interfae where
one of the phases has negligible visosity [21, 5℄.
An alternative rather dierent approah to study interfaial utuations of the
rystal-melt interfae is employed in the eld of rystal growth. The emphasis here is
on the hydrodynami equations of heat and mass transport, and energy dissipation is
enfored by introduing gaussian random noise. In the limit of small temperature gra-
dients, this formalism provides a diusion equation for the interfae height utuations,
and hene a strongly damped interfae dynamis [7, 8, 22℄.
Computer simulations (see e.g. Ref. [23℄ and referenes therein) and experiments of
olloidal systems [13℄ have also been used to investigate the CMI. Both approahes allow
for the visualization of the CMI at a single-partile sale. Therefore, these tehniques
are highly suited to improve our understanding of the CMI. Many studies are devoted to
obtain relevant stati properties of the interfae, suh as the stiness or the interfaial
free energy, by means of an analysis of the spetrum of interfae utuations (e.g. [12,
23, 24, 25, 26, 27℄). The interfaial free energy an also be obtained by other methods
like thermodynami integration [28, 29, 30, 31, 32℄, metadynamis [33℄, or by ombining
lassial nuleation theory with simulations [34, 35, 36℄. The study of dynami properties
of the CMI, by ontrast, has not reeived that muh attention. The dynamis of the
CMI has only been investigated by means of omputer simulations for metal models
[8℄ and hard spheres [22℄, and experimentally for olloidal suspensions [13℄. Not only
there are just a handful of works dealing with the dynamis of the CMI but the results
are in some ases ontraditory. For instane, in simulation studies [22℄ a quadrati
dependeny of the relaxation frequeny with the wave vetor is observed whereas the
experimental work of Ref. [13℄ laims that suh dependeny is instead linear.
Motivated by the importane of gaining a deeper understanding on the dynamis
of the CMI we pursue in this paper a omputer simulation study of the relaxation of SW
for the CMI of three arhetypal systems, namely hard spheres (HS), Lennard Jones (LJ)
and water. We show that the relaxation of rystal-melt SW is well desribed by a dou-
ble exponential given that there are dierent proesses, haraterised by dierent time
sales, involved in suh relaxation. As the wavelength inreases only one proess, the
relaxation of CW, is observed. We also show that the details of the mirosopi dynam-
is are not important for the relaxation of rystal-melt CW. Moreover, we ompare the
relaxation dynamis of SW for systems omposed of moleules with (water) and with-
out (LJ and HS) orientational degrees of freedom. Finally, following the methodology
proposed in Refs. [7, 8℄, we estimate the kineti oeient (the proportionality onstant
between the speed of rystal growth and the superooling) from our measurements of
the CW relaxation dynamis, and ompare our results with independent measurements
of suh parameter.
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Figure 2.1. Snapshots of the initial onguration for one of the LJ (left) and one of the water
systems studied (right). In the LJ system partiles are oloured aording to the extent to whih their
loal environment resembles that of an f lattie (in dereasing order of f-like harater: red,
orange, yellow, green and blue).
2.3 Methods
We simulate a solid in equilibrium with its melt and haraterize the dynamis of the
SW. To do that we rst generate an initial onguration, then simulate the system at
oexistene and nally analyze the trajetories generated in our simulations. Below we
give some details about this proedure.
2.3.1 Generation of the initial onguration
The rst step onsists in reating an initial onguration. Snapshots of an initial on-
guration for LJ and water are given in Fig. 2.1. In the snapshot orresponding to the
LJ system we show the way we refer to the edges of the simulation box, Lx, Ly and Lz.
By preparing systems as indiated in Fig. 2.1 we study the dynamis of the CMI for the
rystal fae exposed in the x-y plane and SW propagating along the x diretion. This
sort of box geometry has already been used in a number of simulation studies of the
CMI (see, e. g., Refs. [12, 24, 25, 37℄). To speify the rystal orientation we indiate
in parenthesis the Miller indexes of the interfaial plane (x− y), and in square brakets
the Miller indexes of the rystalline plane parallel to the diretion of propagation and
perpendiular to the interfae (x− z).
In Table 4.2 we summarize the orientation and the size of the systems investigated.
To generate the initial onguration we rst start by equilibrating the solid phase
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Model Orientation LxxLyxLz (σ
3
) Moleules
HS
(100)[001℄ 47.046x4.705x47.046 10256
(110)[001℄ 44.359x4.705x52.058 10726
LJ
(100)[001℄ 49.101x6.336x49.181 14748
(111)[11
	
2℄ 50.524x6.7313x49.292 16160
TIP4P/2005
(basal)[prismI℄ 59.418x5.710x29.541 10112
(prismI)[basal℄ 57.024x6.962x25.581 10240
(prismII)[prismI℄ 58.150x5.710x26.569 8896
(prismII)[basal℄ 56.959x6.979x26.552 10670
Table 2.1. Orientation and size of the systems investigated.
with an NpT simulation at the oexistene pressure and temperature. For the equilibra-
tion of ie, ordinary Monte Carlo moves were supplemented with full ring reorientation
in order to properly sample the hydrogen bond network [38, 39℄. The nal snapshot of
the bulk solid thus equilibrated is resaled so that the density mathes the average equi-
librium density. It is important to set Lx and Ly equal to their respetive equilibrium
values to avoid the solid being stressed in the x-y plane [40℄. Then, a onguration of
the uid phase is equilibrated in an NpzT simulation in a box with the same edges Lx
and Ly as the equilibrated solid. In the NpzT ensemble the pressure is exerted along
the z diretion. In this way, the box keeps the sides Lx and Ly xed so it an be sub-
sequently glued to the equilibrated solid along the x-y plane. The uid is equilibrated
at the oexistene temperature and at a pressure higher than the oexistene pressure.
After equilibration of the uid, we bring the solid and the uid boxes together and re-
move the uid partiles that are less than a diameter apart from any solid partile. This
auses a small drop in the uid's density, whih is partly ompensated by the fat that
the uid was equilibrated at a pressure higher than the oexistene pressure. Finally,
the system is further equilibrated in the NpzT ensemble at the oexistene temperature
and pressure to ensure that the uid's density fully relaxes to its oexistene value. The
overall density of the initial onguration thus generated must lie in between the densi-
ties at oexistene of the liquid and the solid (in Table 2.2 we summarize the oexistene
onditions for the three models investigated).
2.3.2 Simulation details
One we have an initial onguration, prodution runs are arried out in the NV T
ensemble. Given that the overall density of the system lies in between the oexistene
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Property HS LJ TIP4P/2005
T - 1.0 ǫ/kB 252 K
p 11.54 kBTσ
−3
4.95 ǫσ−3 1 bar
ρc 1.0369 σ
−3
1.005 σ−3 0.921 gcm−3
ρl 0.9375 σ
−3
0.923 σ−3 0.993 gcm−3
Table 2.2. Coexistene values for the temperature, the pressure and the density for the dierent
models. The values for the HS, LJ, and TIP4P/2005 models were taken respetively from Refs. [41℄,
[32℄ and [42℄.
densities of the two phases, the interfae is stable in an NV T simulation at oexistene
temperature.
In priniple, NV E simulations provide orret trajetories that preserve loal mo-
mentum onservation and yield orret hydrodynamis. However, temperature ontrol
on long NV E simulations is diult, partiularly for systems exhibiting two phase oex-
istene. Of ourse, a suiently small time step an always be hosen that will garantee
numerial stability in a single, longNV E run, but this would result in prohibitively large
CPU time. A possible strategy would be to obtain independent ongurations of the
rystal-melt interfae in a long NV T simulation and use suh ongurations for short
prodution runs in the NV E ensemble. However, we nd we an obtain orret results
just from the long NV T simulation (see Appendix C) by using a reently developed
version of the veloity-resaling thermostat due to Bussi, Donadio and Parrinello [43℄.
Suh thermostat, perturbs the dynamis gently by eetively resaling the veloities
over a large period and has met wide aeptane. Theoretial and numerial studies
show that this thermostat requires lose to minimal perturbation of the orret time
evolution for given thermostating performane [44℄. In pratie, Bussi et al. have shown
that this algorithms provides diusion oeients that are insensitive to the thermo-
stating relaxation time hosen in a range spaning several orders of magnitude. Similarly,
Delgado-Busalioni et al. note that a thermostat with a suiently large thermalising
time provides apillary wave dynamis of the liquidvapor interfae that does not dif-
fer signiantly from results performed in the NV E ensemble [45℄. In order to be in
the safe side, we employed relatively large relaxation times of τ = 1ps and 2ps for the
Lennard-Jones and water systems respetively. The relatively large system sizes that
are required to perform our study also help to ahieve orret thermostatization with
minimal perturation of the dynamis [43, 44℄. Moreover, for the Lennard-Jones system
we have heked that hanging the relaxation time from τ = 1ps to τ = 100ps does not
hange our results.
For the HS model, prodution runs were arried out using both a onventional
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Monte Carlo (MC) algorithm and an event driven moleular dynamis (MD) algorithm
based on that provided in Ref. [46℄. In order to have enough statistis we simulate
∼1000 trajetories starting from dierent initial ongurations for MD simulations and
∼250 for MC. Every MD trajetory is run for ∼ 4 × 106(σ2m/kBT ) 12 , where σ is the
partile diameter, m the mass and kB the Boltzmann onstant. For MC simulations we
performed 1.5·106 MC yles where eah yle onsists in an attempt of entre of mass
displaement per partile. The maximum displaement for the entre of mass was set
to 3.8·10−2σ. In eah trajetory (both MD and MC), 150 ongurations were saved in
a logarithmi time sale to perform the subsequent analysis.
To simulate water we used the MD GROMACS pakage [47, 48℄ and the TIP4P/2005
water model [49℄. The time step for the Veloity-Verlet integrator was xed to 0.003 ps
and snapshots were saved every 75 ps. Simulations were run for a total time of ∼ 0.5µs.
The temperature was set to 248.5 K. At this temperature, very lose to the melting
value of 252 K reported in Ref. [49℄, we found no signiant drift of the average height
of the ie-water interfae.
The LJ system was simulated using the MD GROMACS pakage. We use the
trunated and shifted LJ potential proposed by Broughton and Gilmer [50℄. We simulate
the GROMACS implementation for Ar: σ = 3.405 Å, ǫ/kB = 119.87K, m = 6.69 ·
10−26kg. The time step for the Veloity-Verlet integrator was xed to 0.01 ps and
snapshots were saved every 2 ps for a total simulation time of 0.1 µs.
For the ase of HS we performed several independent short trajetories, whereas
for water and LJ we opted for running just one long simulation for eah investigated
interfae.
In order to be able to ompare the relaxation dynamis of the dierent simulated
systems in the same time sale we dene the following dimensionless time: t∗ = t6D/σ2,
where D is the diusion oeient of the uid at oexistene. The ratio σ2/(6D) is
the average time it takes for a uid partile to diuse its own diameter and we refer
to it as diusive time. Therefore, t∗ indiates the number of times a uid partile
diuses its own diameter. For the self diusion oeient of the uid at oexistene
we use D = 0.024(kBTσ
2/m)1/2 for the HS model with event driven MD [51℄, D =
1.456 · 10−5 σ2/yle for the HS model with MC simulations, D = 3.87 · 10−3 σ2ps−1
for the LJ model (in good agreement with the value reported in Ref. [52℄), and D =
0.3865 nm2ns−1 for the TIP4P/2005 model.
2.3.3 Dynamis of the surfae waves
As shown in Fig. 2.1, the CMI of the systems here investigated is wavy. The purpose
of this work is to haraterize the dynamis of suh waves. To do that we rst dene
the loal interfae position, or interfae prole h(xn), at disrete positions xn along the
x diretion (see below for further details).
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The interfae prole is then Fourier transformed, and Fourier modes hq dened as:
hq =
1
N
N∑
n=1
h(xn)e
iqxn
(2.1)
where N is the number of disretization points along the Lx side of the simulation box,
and eah wave mode is assoiated with a reiproal spae vetor, q, that an take values
q = 2πk/Lx, where k is a positive natural number. Small q vetors orrespond to wave
modes with a large wave length and vieversa.
The time-dependent autoorrelation funtion of hq is then given by:
fq(t) =
〈hq(0)hq(t)∗〉
〈hq(0)hq(0)∗〉 . (2.2)
This funtion gives information about the way a apillary wave mode relaxes. It depends
not only on q, but also on the orientation of the rystal with respet to the uid:
fq(t) ≡ f(t, q, (h, k, l), [m,n, o]). In this paper we analyze the q-dependene of fq(t) for
three dierent models and for several orientations.
2.3.4 Determination of the interfae prole, h(xn)
The denition of a suitable interfae prole from a set of atomi positions is a subttle
matter [53, 54℄. It is now well understood that the evaluation of the funtion h(xn)
onsistent with the apillary wave model requires to properly identify the phase to whih
atoms may be attributed, and only then, searhing for an optimal surfae separating
eah phase [53, 54℄. Whereas the optimal proess is involving and time onsuming [54℄,
it has been observed that dynami properties are rather insensitive to details of the
spei proedure [45℄. For this reason, we have hosen a simple method, inspired on
that proposed in Ref. [24℄, that is omputationally onvenient and is very robust to the
arbirary parameters required in pratie (.f. setion 2.4.3).
To obtain the disrete funtion h(xn) desribing the prole of the interfae along
the x diretion we onsider the outermost partiles of the rystal slab. We rst label
the moleules in the system as uid-like or solid-like. To do that we make use of loal
bond order parameters that are able to distinguish between uid and solid-like partiles
in an instantaneous onguration by looking at the relative position of a partile with
respet to its neighbours (see Appendix A for details).
One all moleules are labelled, we remove the uid-like partiles and among all
solid-like partiles (red, orange, and yellow in Fig. 2.1 (top)) we take those that form
the largest luster. In this way we are left with the rystal phase alone. Note from Fig.
2.1 that due to the geometry of the system we have two independent interfaes. We
explain below how we alulate h(xn) for one of them.
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We start by splitting Ly in two, so the interfae is divided in two elongated stripes.
Eah stripe is divided in N equispaed points along Lx. These points dene the set of xn
values in whih h(xn) is evaluated. For a point with oordinates (xn, yp), with p = 1, 2
indiating a given stripe, the loal amplitude h(xn, yp) is evaluated by averaging the z
oordinate of the no outermost atoms with y oordinate ∈ [yp − Ly/4 : yp + Ly/4] and
x oordinate ∈ [xn −∆x/2 : xn +∆x/2] (∆x and no are adjustable parameters). In this
way, a funtion h(xn, yp) is obtained for eah stripe, and the nal h(xn) is obtained as
the average between the stripes orresponding to y1 and y2.
Thus, the adjustable parameters to obtain a disretized prole of the interfae in
the way above desribed are N , ∆x, and no. The results shown in the remaining of the
paper orrespond to the following set of analysis parameters: N = 50 , ∆x = 3σ and
no = 4. In setion 2.4.3 we show that our main results are not aeted by this partiular
hoie of analysis parameters.
2.3.5 Interfaial stiness
To test our simulations we make use of the following expression provided by Capillary
Wave Theory [55, 56℄: 〈|hq|2〉 = kBT
Aγ˜q2
(2.3)
that relates the average squared amplitude of the apillary wave mode q, 〈|hq|2〉, to the
interfaial stiness, γ˜, by means of the equipartition theorem (note from Eq. 2.2 that
〈|hq|2〉 is equal to the unnormalized fq(0)). In the equation above kB is the Boltzmann
onstant and A = LxLy is the area of the interfae. The interfaial stiness has been
arefully obtained for a number of systems [24, 25, 26, 27℄, with the HS model among
them. Therefore, we an double-hek our results by omparing our value for γ˜ with
that obtained in Refs. [24, 27℄.
2.3.6 Kineti oeient
An important parameter in rystal growth is the kineti oeient, µ. The kineti
oeient of a CMI is the proportionality onstant between the speed at whih the
interfae front advanes, v, and the superooling, ∆T :
v = µ∆T (2.4)
where ∆T = Tm−T is the the dierene between the melting temperature, Tm, and the
temperature of interest, T .
As shown in Refs. [7, 8℄, by analysing the rystal-melt CW, it is possible to obtain
an estimate of µ. The method entails rst obtaining fq(t) via Eq. 2.2 for a number of
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q-modes, then tting eah fq(t) to an exponential funtion of the type exp(−t/τq) to
get a harateristi deay time τq for eah mode, and nally obtaining µ from the slope
of a representation of 1/τq vs q
2
:
1/τq =
µγ˜Tm
∆hmρ
q2, (2.5)
where ∆hm is the molar melting enthalpy, ρ is the rystal density, and γ˜ is the stiness,
that an be obtained via Eq. 5.2 by extrapolating γ˜(q) to q = 0.
Following this method, in this work we ompute the kineti oeient for all the
interfaes investigated. We ompare our results for HS with those obtained in Ref. [22℄
using the same tehnique, and our results for water with those obtained in a reent
publiation using a dierent approah [57℄.
2.4 Results and disussion
2.4.1 Dynamis of rystalmelt surfae waves
For eah system desribed in Table 4.2 we evaluate fq(t) (Eq. 2.2) for several values
of q. Some of these autoorrelation funtions are shown in Fig. 3.12 (a), (b) and ()
for a HS, an LJ and a water CMI respetively. As expeted, the orrelation funtions
deay from 1 to 0 as the wavemodes relax, and the relaxation for a given interfae is the
slower the smaller the wave vetor q (or the larger the wavelength). It is also apparent
that for the wavelengths studied, the surfae wave dynamis orresponds to a strongly
damped regime, with no signs of osillatory behaviour in any of our the autoorrelation
funtions.
This is onsistent with previous simulation studies of the CMI, where the deay
of the orrelation funtions were found to be purely exponential, or at least showed
a purely monotonous deay [23, 22℄. Taking this into aount, we rst attempt to
desribe the orrelation funtions by a single pure exponential fq(t) = e
−t/τexp
, where
the harateristi deay time τexp is the only tting parameter. However, as seen in Fig.
3.12 (a) (dashed blue urves), an exponential t does not aurately desribe the deay
of fq(t), partiularly for urves orresponding to large qs.
Considering that SW ould exhibit very dierent behaviour at high and low fre-
quenies, we then attempted to t our results using a double exponential:
fq(t) = Ae
−t/τds + (1− A)e−t/τdf , (2.6)
where A, τds (harateristi time for a slow relaxation proess) and τdf (harateristi
time for a fast relaxation proess) are the tting parameters. As it an be seen in Fig.
120
2.4. Results and disussion
0.001 0.01 0.1 1 10
t*
0
0.25
0.5
0.75
1
fq(t*)
(a)
1 10 100
t*
0
0.25
0.5
0.75
1
fq(t*)
(b)
10 100 1000
t*
0
0.25
0.5
0.75
1
fq(t*)
()
Figure 2.2. (a)-(), symbols: autoorrelation funtions for the HS (100)[001℄, the LJ (100)[001℄, and
the water (pII)[basal℄ interfaes respetively (all data orrespond to MD simulations). In a given plot,
urves from right to left orrespond to wavevetors q = 2πk/Lx, with k ≤ 6. Lines orrespond to
dierent ts: dashed blue to a single exponential, and solid orange to a double exponential.
3.12 (a) (orange solid lines) this t aurately desribes all urves and is signiantly
better than a single exponential (we also tried tting our results to a strethed expo-
nential, but the resulting t was not as good as that of a double exponential and is not
shown). The double exponential t does a good job for all systems investigated. To
illustrate this, in Figs. 3.12(b) and () we show the orrelation funtions alongside their
orresponding double exponential ts for the LJ (100)[001℄ and the water (pII)[basal℄
interfaes respetively. For the ase of water the simulations are slower than for the
other systems and gathering statistis to obtain quality data for fq(t) at long times is
a very involving task. As a onsequene, the values of fq(t) for the ie-water interfae
at long times are rather noisy and have not been taken into aount to obtain the ts
shown in Fig. 3.12().
The adequay of the double exponential t suggests the existene of two distint
relaxation time sales: a fast one responsible for the initial deay and a slow one re-
sponsible for the deay at long times. The presene of two simultaneous relaxation
time sales resembles the behaviour observed at the interfae of visoelasti materials
[5, 18, 19, 15, 16, 17℄, where a high frequeny relaxation proess is related to elasti
Rayleigh waves, while that of low frequeny is related to CW. Indeed, it has been shown
that both elasti Rayleigh waves and apillary Kelvin waves may exhibit an overdamped
regime where osillations are ompletely suppressed and the relaxation is exponential
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[5℄. By analogy, we assume in priniple that the two dierent time sales found in our
study for the CMI are assoiated to dierent relaxation mehanisms.
The parameter A ∈ [0 : 1] in Eq. 2.6 quanties the weight of eah mehanism in
the relaxation of CMI waves. When A is lose to 1 the deay of fq(t) is dominated by
the slow proess and when it approahes 0.5 the deay of fq(t) is aeted by both slow
and fast proesses. In Fig. 2.3 we plot A as a funtion of q for all systems investigated.
In all ases A is lose to 1 for the smallest q investigated and dereases as q inreases.
Therefore, we observe a relaxation essentially dominated by the slow proess at low
q (large wavelengths) and aeted by both slow and fast proesses at large q (small
wavelengths).
We rst attempt to eluidate the nature of the slow relaxation proess by analysing
the dependene of τds on q. By arefully tting our autoorrelation funtions fq(t) to
Eq. 2.6 we obtain τds(q) (Note that obtaining meaningful parameters from a double
exponential t is not trivial. We had to address this issue arefully and give some
indiations of the tting proedure in Appendix B ). In Fig. 2.4 (a) we represent τ ∗ds
versus q for all interfaes investigated. In a double logarithmi sale it appears that all
urves are parallel to eah other within the auray of our alulations. This suggest
the existene of a power law of the type τds ∝ qα, with the α exponent ommon to all
systems. A power law is an indiation that there is a ommon mehanism underlying
the slow relaxation proess of all interfaes investigated. This is remarkable taking into
aount the dierent nature of the systems here studied. A visual inspetion of the
relaxation of large wavelength SW, those more learly aeted by the slow proess,
suggests that suh proess an be identied with the ontinuous rerystallization and
melting taking plae at the interfae (see online movie [9℄).
In 1993 Karma published a theory for the relaxation dynamis of rystal-melt
CW based on a diusion equation of the interfaial prole [7℄. Karma's theory predits
a power law relation between a harateristi relaxation time and q. The obtained
theoretial value for the exponent is α = −2. In Fig. 2.4 (a) we inlude a dashed
line with slope -2 in the double logarithmi representation. Within the auray of our
alulations all urves look parallel to the dashed line. Therefore, the dynamis of the
slow proess is onsistent with Karma's theory [7℄. This implies that we an identify
the slow proess with the relaxation of CW. In other words, the slowly relaxing SW are
in fat CW. The desription of the relaxation of CW via a diusion equation in Ref. [7℄
is onsistent both with the view inferred from our movies that the slow proess is due
to the rerystallization/melting at the interfae and with the absene of osillations in
our fq(t)s.
The theory of Karma has been previously tested in simulations of metals [8, 23,
58, 59℄ and HS [22℄. In these works it was suggested that the relaxation of rystal-melt
SW an be approximated by a single exponential for all qs. Our results above show that
the senario is more omplex due to presene of fast relaxation proesses that learly
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Figure 2.3. Prefator for the double exponential t (see main text) as a funtion of q for all systems
investigated. HS, LJ and water data are shown in red, blue and green respetively. HS data are shown
for the (100)[001℄ (irles) and (110)[001℄ (squares) interfaes; LJ for the (100)[001℄ (irles) and
(111)[11
	
2℄ (diamonds) interfaes; and water for the (basal)[prismati I℄ (triangles), (prismati I)[Basal℄
(irles), (prismati II)[prismati I℄ (squares) and (prismati II)[basal℄ (diamonds) interfaes. For the
HS system lled (empty) symbols and solid (dashed) lines orrespond to MD (MC) simulations. Error
bars are shown for one of the orientations of eah model potential. Dierent orientations of the same
model have similar error bars but have not been shown for larity.
aet large q modes.
We an gain further insight into the nature of the slow proess by studying the
relaxation of the HS CMI with MC simulations. In Fig.2.4 (a) we ompare the slow
relaxation times, in diusive units, of HS as obtained by MD and MC simulations. The
data oming from both simulation tehniques lie on top of eah other. The agreement
between both simulation tehniques is further onrmed in Fig. 2.5, where we ompare
the whole autoorrelation funtion for several qs. The superimposition between MC and
MD urves in diusive time units points out the relevane of the diusive time sale
for the relaxation of CMI SW. Moreover, we an tell from the good agreement between
MC and MD that the mirosopi dynamis is not playing any signiant role in the
relaxation of CMI CW. This nding strongly ontrasts with the ase of the uid-uid
interfae [6, 45℄, although it not so surprising if one takes into aount that the rystal
has an innitely large visosity.
As mentioned in the introdution, we are not aware of a hydrodynami theory
of CW for the CMI. For lak of a better theoretial framework, we disuss here our
observations in the ontext of the CW theory for either a dense or a visoelasti medium
with air [5, 6, 11℄. Suh systems present rst a weakly damped regime at low q, with
a damped osillatory behavior of frequeny ω ∝ q3/2 + iq2 (Kelvin waves). At larger
wavelengths, there is a rossover to a strong damping regime, where the osillations
are ompletely supressed and the frequeny beomes purely imaginary ω ∝ iq. In our
simulations, we observe only a strongly damped regime, but, at odds with standard
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theories for the liquidvapor interfae, the damping is not linear in q, but rather, deays
as q2. Our observation does not rule out the possibility of the aforementioned regimes
ourring at smaller wavevetors than are aesible to our simulations. However, it is
lear that the damping regime we observe is not the standard overdamped regime linear
in q that has been reported elsewhere for the liquid-vapor interfae [45℄. Also note that
a reent experimental study of the CMI of strongly repulsive olloids reported relaxation
dynamis in agreement with a linear q dependene [13℄, but neither our results nor those
of Ref.[22℄ seem to support this onlusion. Interestingly, Jeng et al. notied in their
hydrodynami theory of surfae waves a strongly damped regime with purely imaginary
frequeny whih has both a quadrati and linear ontribution in q. However, we do not
observe any signature of mixed quadrati and linear dependene in our relaxation times
either. Possibly, only a hydrodynami theory inorporating both the visous behavior
of the liquid and a visoelasti response of the rystal an predit the behavior observed
in our simulations [5℄.
Fig. 2.4 (b) displays the harateristi times for the fast relaxation proess, τ ∗df ,
as a funtion of the wave vetor. For a given q, τ ∗df is one or two orders of magnitude
lower than τ ∗ds. Both τ
∗
df and τ
∗
ds derease as q inreases. Altghouh the error bars for
τ ∗df are quite large, it seems that a power law is not evident from Fig. 2.4 (b). This
suggests that the fast relaxation an not be identied with a single proess but rather
with a ombination of dierent ones. Suh proesses must be fast as ompared to the
diusion of the interfaial front (τ ∗df << τ
∗
ds) and must ause small perturbations in the
interfaial prole (their eet vanishes as q goes to 0, as shown in Fig. 2.3). Having
these harateristis in mind, proesses suh as Rayleigh SW, subdiusion of the uid,
or the attahment/detahment of single partiles to/from the rystal phase are likely to
lie behind the fast relaxation of the interfae.
In summary, the relaxation of SW is best desribed by a double exponential in
the q-range analyzed in this paper. This is indiative of the existene of two distint
relaxation time sales. The slow one orresponds to the overdamped relaxation of CW
by diusion of the interfaial front (the ounterpart of overdamped CW for the uid-uid
interfae, although with a dierent τ(q) dependene). The fast one is due to quik, small
perturbations of the interfae prole possibly aused by Rayleigh waves, subdiusion,
and the attahment/detahment of partiles to/from the rystal. In the limit of q = 0 the
deay of fq(t) an be entirely desribed by a single exponential funtion orresponding
to the slow relaxation proess.
We onlude this setion by omparing the slow relaxation of dierent systems.
Suh omparison is enabled by the use of a ommon time unit: the diusive time. It
is evident from gure 2.4 (a) that the urves orresponding to water lie about an order
of magnitude above those orresponding to LJ or HS. This implies that, for a given
q, the water interfae requires roughly ten times as muh diusive time units as LJ or
HS partiles in order for the interfae to relax. For instane, for the smallest studied q
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Figure 2.4. (a) Dimensionless harateristi time for the slow relaxation proess, τ∗ds, plotted against
the wave vetor q in a double logarithmi sale for all interfaes investigated. Color ode same as in
Fig. 2.3. (b) Same as (a) but for the fast relaxation proess. The dashed line, inluded in (a) for
visual referene, orresponds to a power law of the type τds ∝ q−2.
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Figure 2.5. Autoorrelation funtions for the (110)[001℄ HS interfae obtained by MD (blak) and
MC (red) simulations. From right to left funtions orresponding to wavevetors q = 2πk/Lx, with
k ≤ 6, are represented.
ie-water CW take to relax the time needed for a moleule to diuse about 300 times
its own diameter, while it only takes about 30 times for the LJ or the HS systems. This
dierene in time sales is most likely related to the fat that water moleules, ontrary
to the ase of LJ or HS partiles, have orientational degrees of freedom and need to be
properly oriented to aommodate into the rystal phase.
2.4.2 Kineti oeient
As explained in Se. 2.3.6, the kineti oeient, µ, an be estimated by measuring the
autoorrelation funtion fq(t) for a few CW modes [7, 8℄. Using this methodology Amini
et al. estimated µ for the HS system [22℄. In Fig. 2.6 (a) and (b) we plot the inverse of
the relaxation time versus q for an interfae of the HS system and ompare our results
(lled irles) with those of Ref. [22℄ (lled squares). From the slope of the plot shown
125
2. Computer simulation study of surfae wave dynamis at the rystalmelt interfae.
in Fig. 2.6 one an obtain µ via Eq. 2.5. (Alternatively, as shown in Fig. 2.6 (), a
representation of τdsq
2
vs q gives a horizontal line from whih µ an be obtained). As
shown in Fig. 2.6, the agreement with Ref. [22℄ is quite satisfatory, whih gives us great
ondene in our alulations. The lled irles in Fig. 2.6 were obtained by tting our
fq(t)s to Eq. 2.6 in order to get the harateristi time τds. If we get the harateristi
relaxation time by tting fq(t) to a simple exponential funtion, disregarding the fat
that there are two distint time sales involved in the relaxation of rystal-melt SW,
we get the empty irles in Fig. 2.6, that are not in good agreement with Ref. [22℄.
Although, to the best of our knowledge, the need of tting fq(t) to a double rather than
to a single exponential is pointed out for the rst time in this work, previous studies
that assumed a single exponential behaviour provide results that are onsistent with
ours [22℄. This apparent ontradition is explained by the fat that in Ref. [22℄ the
harateristi time was obtained from the slope of the linear regime in a plot of ln fq(t)
vs. t [22℄, whih, for long times, gives the harateristi time for the slow relaxation
proess (note that eq. 2.6 an be approximated by a single exponential for long times
given that τds >> τdf ). Suh deoupling between the fast and the slow proess is less
and less evident as the relaxation of the q modes beomes faster or, equivalently, as q
inreases. Therefore, in order to onsider large qs for the alulation of µ from a plot
like that shown in Fig. 2.6 it is advisable to use Eq. 2.6 to obtain the harateristi
time for the slow relaxation proess. In fat, with our analysis we are able to extend
the linear regime of 1/τds vs q
2
to larger qs than in Ref. [22℄.
In Fig. 2.6 (b) we show a 1/τds vs. q
2
representation for the LJ (left) and water
(right) systems. All interfaes show, within the auray of our measurements, a linear
dependeny of 1/τds vs. q
2
. This result had already been antiipated in Fig. 2.4 (all
data sets are parallel to the dashed line). From the slopes in Fig. 2.6 we estimate the
kineti oeients, whih we report in Table 2.3. Sine we redue time by the diusive
time (see Se. 2.3.2) and distane by the partile diameter, the kineti oeient in
our redued units tells us how faster the interfae advanes, in terms of diameters per
diusive time, when the temperature is lowered by 1 K. The data in Table 2.3 reveal
that the kineti oeient of water is more than an order of magnitude lower than that
of LJ. This means that one would need to superool water ten times more than LJ
to get the same speed-up of the interfae advane measured in diameters per diusive
time. Our work shows that both the relaxation and the growth of the interfae are
dramatially slowed down for the ase of water, probably due to the role of orientational
degrees of freedom in rystallization.
We an also ompare our results for water with experimental [60℄ and simulation
[57, 61℄ measurements of the speed of rystal growth, v. Using Eq. 2.5 and knowing
that v = 0 for ∆T = 0 we an estimate v in the viinity of the melting temperature
from our alulated µ. In Fig. 2.7 we plot v versus the superooling, ∆T , for the
basal plane of water, for whih we obtained a kineti oeient µ = 1.6 cm/(sK).
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Figure 2.6. Plots of the inverse relaxation time versus q2. From the slope of these plots the kineti
oeient an be inferred via Eq. 2.5 [7, 8℄. In (a) our results for the (100)[001℄ HS interfae (irles)
are ompared to those reported in Ref. [22℄ (squares). Empty (solid) irles orrespond to relaxation
times estimated by tting fq(t) to a single (double) exponential. In (b) we show our results for all
interfaes investigated for the LJ (left) and the water (right) systems respetively. (): τ∗dsq
2
as a
funtion of q in a logarithmi sale for all interfaes investigated. Color ode same as in Fig. 2.3.
Model Orientation µ/[6D/(σK)]
LJ
100 (8± 2)·10−2
111 (5.8± 0.6)·10−2
TIP4P/2005
basal (2.1± 0.3)·10−3
prismati I (3.0± 0.4)·10−3
prismati II (2.5± 0.5)·10−3
Table 2.3. Kineti oeient, µ, for the LJ and TIP4P/2005 systems.
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Figure 2.7. Rate of rystal growth versus superooling. We ompare our results (dashed line) with
the simulation results of Rozmanov et al. [57℄ (red solid urve) and with experimental data by
Pruppaher [60℄ (blak solid urve).
Our results orrespond to the dashed line in Fig. 2.6. A negative v means that the
interfae reedes beause the rystal melts for ∆T < 0. The red solid urve orresponds
to the simulation results reported in Ref. [57℄ (large system), where v(T ) for the basal
plane was measured by monitoring the height of the interfae along time for dierent
temperatures. Remarkably, our estimate of v around the melting temperature is in
very good agreement with the results of Ref. [57℄, obtained by a ompletely dierent
approah. It should be noted that the proportionality law of Eq. 2.5 only works for
a narrow temperature range around melting. Outside that range, the dependene of v
with ∆T is not linear any more and even shows a maximum at ∆T ≈ 12 K [57℄. Our
kineti oeients for the prismati I, and prismati II planes are µ = 2.2 cm/(sK) and
µ = 1.8 cm/(sK) respetively. The latter is onsistent with a reent simulation study of
the speed of rystal growth for the prismati II plane [61℄. The omparison of the model
with the experiment [60℄, solid blak urve in Fig. 2.7, is not as satisfatory, though.
The experimental v near oexistene is muh lower than that predited by the model.
Further work is needed to understand why a model that gives a good agreement with
the experiment for the rate of rystal nuleation [36℄ is not able to aurately predit
the rate of rystal growth.
2.4.3 Robustness of our alulations
In order to hek if our alulations are robust we asses the dependene of our results
on both the hoie of the analysis parameters and the system size. Moreover, whenever
possible, we ompare our results with the existing literature.
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Figure 2.8. (a) Stiness as a funtion of q using dierent parameters to loate the interfae for the
(100)[001℄ HS system. ∆x/σ = 2.0 (blak), 2.5 (red) and 3.0 (green); no = 3 (irles) and 4 (squares);
N = 30 (ontinuous line), 40 (dashed line) and 50 (dotted line). (b) Autoorrelation funtion (Eq.
2.2) for the (110)[001℄ HS system using two dierent sets of parameters to loate the interfae: ∆x =
3σ, n0 = 4 and N = 50 (blak irles) and ∆x = 2σ, n0 = 3 and N = 30 (orange triangles). From
right to left wavevetors q = 2πk/Lx, with k ≤ 6.
Analysis parameters
The adjustable parameters to obtain a disretized prole of the interfae in the way
above desribed are N , ∆x, and no. To assess the extent to whih the hoie of these
parameters aets our results we alulate the interfaial stiness via Eq. 5.2 for the
HS system using dierent sets of parameters. As shown in Fig. 2.8 (a) the stiness
is independent on the parameter set for small qs, as we approah the thermodynami
limit. By ontrast, for large qs (short wave lengths) γ˜ beomes dependent on the analysis
parameters. This dependene is a onsequene of the fat that the length sale of the
waves beomes omparable to that of the disretization grid for large qs. There are
sophistiated ways of dealing with this issue [62℄, but for our purpose it is enough to
stik to the q range where γ˜ is independent of the analysis parameters (i. e., the six
smallest wave vetors).
We also analyse the inuene of the analysis parameters on the evaluation of the
autoorrelation funtions. In Fig. 2.8 (b) we ompare fq(t) for the set of analysis
parameters used in the main text (∆x = 3σ, n0 = 4 and N = 50, blak irles) and a
ompletely dierent one (∆x = 2σ, n0 = 3 and N = 30, orange triangles). Both sets of
parameters give virtually idential fq(t)s for the range of qs for whih the dynamis has
been investigated in this work (q = 2πk/Lx for k ≤ 6).
We have also analysed the eet that the order parameter to distinguish between
rystal and uid-like partiles has in our results. In the main part of the paper we use for
the LJ system the order parameter proposed in Ref. [64℄ with the spei parameter set
given in Appendix A, whereas for the HS system we use the order parameter proposed in
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Figure 2.9. Main gure: stiness of the (100)[001℄ LJ interfae as a funtion of q for two dierent
order parameters to distinguish between solid and liquid-like partiles. Blak irles orrespond to the
order parameter desribed in Appendix A and red squares orrespond to that desribed in Ref.[63℄.
Inset: Autoorrelation funtions obtained with both order parameters for dierent wave vetors.
Ref. [65℄ with the parameter set given in Ref. [63℄. Both order parameters are inspired
by Ref. [66℄ and are devised to distinguish an f lattie from the uid, but the order
parameter of Ref. [64℄ gives more importane to seond nearest neighbors than that of
Ref. [65℄. Here, we realulate the stiness and the autoorrelation funtion of the LJ
system with the order parameter and set of parameters used for the HS sytem. The
omparison of the results obtained with both order parameters is shown in Fig. 2.9.
Reassuringly, the results are not sensitive to the spei hoie of the order parameter,
provided, obviously, that the hosen order parameter is able to distinguish between the
solid lattie (f in this ase) and the uid.
System size eets
In order to avoid simulating systems with a prohibitively large number of moleules and
yet be able to probe small-q CW we use simulation boxes with one side signiantly
shorter than the others (see Fig. 2.1). This hoie results in an elongated interfaial
area. As shown in Ref.[25℄ it is advisable to hek if the geometry of the simulation
box introdues spurious eets in the surfae wave dynamis. This is indeed a potential
soure of onern, sine the very elongated systems employed are quasi 1dimensional,
and the behaviour of CW strongly depends on dimensionality.
In this setion we provide some evidene that our hoie for the shape of the
simulation box does not aet our results.
To hek if the typial system size we use in this work yields system-size-dependent
results we take the (100)[001℄ LJ system and ompare the results for the size reported
in Table 4.2 (blak irles in Fig. 2.10) with those obtained by making the short edge of
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Figure 2.10. Main gure: eet of the interfae area in the stiness. Blak irles represent the
stiness for the (100)[001℄ LJ system with Lx=49.101σ and Ly=6.336σ. Green triangles and red
squares represent the stiness for the same system but with Lx'=2Lx and Ly'=3Ly respetively. Inset:
Autoorrelation funtion for the three systems and dierent wavevetors.
the interfaial area (y axis) three times longer (red squares in Fig. 2.10). We ompare
both the stiness (main Fig. 2.10) and the dynami autoorrelation funtion (inset
Fig. 2.10) for dierent wavevetors. Clearly, the typial size for the short axis of the
simulation box used in this work auses no signiant nite size eets for the q-range
we have onsidered for the analysis of the dynamis (q = 2πk/Lx for k ≤ 6). In Fig.
2.10 we also ompare with the results obtained by doubling the long edge (x-axis) of
the interfaial area (green urve). Again, no signiant nite size eets are seen.
It is important to note, however, that in order to avoid system size artifats,
one must study the dynamis of the laterally averaged interfae positions h(xn). On
the ontrary, studying the dynamis of the stripes h(xn, yp) provides results that are
strongly system size dependent.
Consisteny with previous results
In the disussion above we have already shown that our results are onsistent with
previous studies. For instane, in Fig. 2.6(a) we show that we obtain the same kineti
oeient as in Ref. [22℄ for HS. Moreover, in Fig. 2.7 we show that our estimate for the
rate of rystal growth of ie is in good agreement with Ref. [57℄, where this quantity is
alulated through a ompletely dierent approah. To further validate our methodology
we show our results for the interfaial stiness γ˜ by means of Eq. 5.2 for two dierent
orientations of the HS system (See Fig. 4.7) and ompare it with previously reported
values [24, 27℄. The omparison is shown in Table 2.4. Our results are in good agreement
with the literature. Moreover we obtain, as expeted for an equilibrium property as γ˜,
a good agreement between MC and MD. Therefore, the way in whih we simulate and
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Figure 2.11. Stiness as a funtion of q for the HS system and two dierent orientations: (100)[001℄
(irles) and (110)[001℄ (squares). MC and MD results are shown with open and lled symbols
respetively. The extrapolation of γ˜(q) to q = 0 in order obtain γ˜ was made by tting γ˜(q) to
γ˜ + aq2 + bq4 for small qs, where a and b are tting parameters. The ts to MC and MD results are
shown as dashed and solid lines respetively.
Orientation MC MD Ref.[24℄ Ref.[27℄
(100)[001℄ 0.42(2) 0.415(5) 0.44(3) 0.419(5)
(110)[001℄ 0.73(2) 0.707(4) 0.70(3) 0.769(5)
Table 2.4. Comparison of γ˜ (in kBT/σ
2
) obtained in this work by means of two dierent simulation
methodologies (MC and MD) with that obtained in previous works for the HS system and two
dierent orientations.
analyze the interfae gives results for γ˜ that are onsistent with previously published
values.
2.5 Summary and onlusions
In this paper we present a omputer simulation study of the rystal-melt interfae for
three dierent systems: hard spheres, Lennard Jones and the TIP4P/2005 model of
water. We fous on the dynamis of surfae waves. First, we generate an initial on-
guration in whih a rystal slab is surrounded by its melt. The box geometry allows
for the study of long wave-length apillary waves without having a prohibitively large
number of moleules in the system (see Fig. 2.1 for an example). Then, we do moleular
dynamis simulations in the NV T ensemble at the melting temperature. The overall
density of the system is omprised in between the oexistene densities of the uid and
the rystal phases, whih guarantees that the system stays at oexistene throughout
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the NV T simulation. The area of the box side parallel to the interfae is hosen in suh
way that the solid phase is free of any stress.
One we run the moleular dynamis simulations, we analyse the dynami auto-
orrelation funtion of the surfae waves modes (Eq. 2.2). To do that we rst obtain
a funtion that desribes the prole of the interfae, whih we do by identifying the
outermost rystalline partiles of the solid slab.
We arefully heked that our onlusions are not aeted by the hoie of the
parameters needed to loate the interfae (Fig. 2.8) or by the geometry of the box or
the system size (Fig. 2.10).
We examine in detail the shape of the dynami autoorrelation funtion as a
funtion of the wave vetor q, and onlude that a double exponential funtion desribes
the relaxation dynamis of rystal-melt surfae waves muh more aurately than a single
exponential (Fig. 3.12 (a)). This implies that there are two distint time sales, fast and
slow, involved in the relaxation of rystal-melt surfae waves. The slow time sale is due
to the rerystallization-melting ourring at the interfae, and is governed by apillary
fores. The fast relaxation is due to a ombination of proesses that readily alter the
shape of the interfae. We speulate these may be related to Rayleigh waves, subdiusion
of the uid and the attahment/detahment of partiles to/from the rystal phase. As
the length sale of the apillary wave modes inreases (or q dereases) the relaxation
beomes inreasingly dominated by the slow proess and an be just desribed by a
single exponential. Within the unertainty of our data, we see that the harateristi
time for the slow relaxation proess is related to q by the power law: τ ∝ q−2 for all
systems. Note that the onlusions obtained for the surfae dynamis of the hard sphere
system, whih is not aeted by posible artifats from the thermsotat, fully agrees with
results for the LJ and water models, where we resorted to thermostated dynamis. This
power law was predited theoretially in Ref. [7℄ and heked in simulations of metalli
systems [8, 58, 23, 59℄ and hard spheres [22℄, although the existene of a single relaxation
proess was assumed in these works. Our results for hard spheres are learly at odds
with laims of a linear overdamped regime observed in the rystalmelt interfae of
olloids [13℄.
In addition to moleular dynamis simulations, we also perform Monte Carlo sim-
ulations for the hard sphere system. Monte Carlo and moleular dynamis simulations
yield virtually idential autoorrelation funtions if ompared in diusive time units
(Fig. 2.5). This implies that the mirosopi dynamis do not play any signiant role
in the relaxation of CW. Moreover, we ompare the relaxation dynamis of dierent
systems in diusive time units. We see that the rystal-melt interfae of water relaxes
about ten times slower than that of hard spheres or Lennard Jones. We asribe this
dierene to the presene of orientational degrees of freedom in the water moleules.
Following the methodology proposed in Refs. [7, 8℄ we obtain estimates of the
kineti oeient (the proportionality onstant between the rate of rystal growth and
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the superooling) for all the three systems investigated. We nd a good agreement with
the results of Ref. [22℄ for hard spheres (Fig. 2.6 (a)). In our redued units we an
ompare the kineti oeient for Lennard Jones with that of water. We show that
a Lennard Jones rystal grows roughly ten times faster than a water rystal for the
same degree of superooling. From the kineti oeient we estimate the rate of rystal
growth for ie at moderate superooling. We ompare it with reent alulations of
suh quantity obtained by a ompletely dierent approah [57, 61℄ and get a quite good
agreement (Fig. 2.7). However, the linear dependene of the rate of rystal growth
with the superooling is restrited to fairly small superooling. We also ompare our
results for the rate of ie growth with experimental measurements [60℄ and show that
the employed water model predits signiantly faster rates than those seen in the
experiments (Fig. 2.7).
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A Order parameters
To distinguish between solid and liquid-like partiles for the LJ and water systems we
alulate for eah partile a loal bond order parameter, q¯l(i), proposed by Lehner and
Dellago [64℄. If q¯l(i) exeeds a ertain threshold partile i is onsidered to be solid-like.
The expression for q¯l(i) reads:
q¯l(i) =
√√√√ 4π
2l + 1
l∑
m=−l
|q¯lm(i)|2, (2.7)
where
q¯lm =
1
N˜(i)
N˜(i)∑
j=1
qlm (j) , (2.8)
and
qlm =
1
Nn(i)
Nn(i)∑
j=1
Ylm (rij) . (2.9)
Here N˜ inludes partile i plus all its Nn neighbours, and Ylm are m
th
order spherial
harmonis. The neighbors are identied over a ut-o distane of 3.5 Å for water and
1.4 σ for LJ.
In order to determine the best hoie for the order parameters we alulated the
values of two order parameters, namely q¯4 and q¯6, for both the bulk solid and the bulk
uid phases at oexistene. We disuss here the ase of water. As it an be seen in
Fig. 5.7 q¯6 allows for a better separation between the solids (hexagonal and ubi ie)
and the uid phase in water. Next, to hoose the q¯6 threshold (q¯6,t) that best separates
the liquid from the solids, we ount the perentage of mislabelled moleules in eah
phase for several hoies of q¯6,t. Whenever a liquid partile has a q¯6 value larger than
q¯6,t, it will be mislabelled as solid-like. Likewise, if a solid-like partile happens to have
a q¯6 smaller than q¯6,t, it will be mislabelled as liquid-like. In Fig. 2.13 we plot the
perentage of mislabelled moleules as a funtion of q¯6,t. At q¯6,t = 0.3435 the liquid
and ie-Ih urves ross at a mislabeling perentage of 0.82. We hoose that value as the
threshold to disriminate between liquid-like and solid-like moleules. The threshold is
indiated with a horizontal dashed line in Fig. 5.7. At q¯6,t = 0.3435 the perentage of
mislabelled ie-I moleules is as low as 0.26. This means that ie-I moleules would
be deteted as solid-like, should they appear when the interfae rerytallizes. One
moleules are labelled either as solid or as liquid-like, the largest solid luster is found
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Figure 2.12. Bidimensional representation of the loal bond order parameters for dierent liquid
water (green triangles), ie Ih (red squares) and ie I (blak irles). The orresponding
thermodynami state was T=250K and p=1bar.
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Figure 2.13. Fration of atoms mislabelled as a funtion of q¯6,t. Liquid water (green triangles), ie Ih
(red squares) and ie I (blak irles).
using a lustering algorithm with a ut-o of 3.5 Å to nd neighbors belonging to the
same luster.
For the LJ system we used a q¯6,t value of 0.294 and a ut-o to build the biggest
luster of 1.4σ.
For the HS system we employed an order parameter based on q6 as desribed in
Ref. [63℄ to distinguish between solid-like and liquid-like partiles.
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B Double exponential ts
When tting the time autoorrelation funtions to a double exponential funtion (Eq.
2.6) it is onvenient to have a good initial guess for the tting parameters to avoid
onvergene to non-physial results. In order to obtain a good guess for the relaxation
time of the slow proess, τds, we plot d ln(t)/dt vs t (see Fig. 2.14). Note that for long
enough times one an approximate Eq. 2.6 by:
fq(t) ≈ Ae−t/τds , (2.10)
taking into aount that τds >> τdf . If we now take the logarithm of Eq. 2.10 and
diereniate with respet to t we obtain:
d ln(fq(t))
dt
≈ −1
τds
. (2.11)
Therefore, from the interept of the horizontal region of the plots shown in Fig. 2.14
we an get an estimate of τds. Reall that the higher the q the more inuened is the
relaxation of the interfae by the fast proess (see Fig. 2.3). Hene, as expeted, the
horizontal region in Fig. 2.14 beomes less evident as q inreases. Nevertheless, it is
enough for our purpose of getting an initial estimate for the tting parameter τds.
Given that for small qs the preexponential fator A is lose to 1, we use A = 1
as an initial guess to t the autoorrelation funtion orresponding to the smallest q.
Regarding τdf , we set an initial value two orders of magnitude smaller than τds. We
use the resulting parameters A and τdf of the t to the smallest q as an input for the
following q. For τds we use the value estimated from Fig. 2.14 as explained above. We
repeat this proess until we obtain a t for eah and every q.
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Figure 2.14. Representation of d ln(fq(t)/dt vs t for three dierent systems: (100)[001℄ HS MD (a),
(100)[001℄ LJ (b) and (pI)[basal℄ TIP4P/2005 water. From top to bottom in a given plot wavevetors
with values of q = 2πk/Lx with k ≤ 6 are shown.
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Figure 2.15. Autoorrelation funtions for the (100)[001℄ LJ system as alulated in the NV T and
NV E ensembles.
C NV E vs NV T
In Fig.2.15 we ompare the autoorrelation funtions alulated in many short NV E
simulations starting from independent ongurations with those obtained in a single,
long NV T simulation. NV E simulations are short enough to guarantee energy onser-
vation and, at the same time, long enough to allow for the relaxation of the studied
apillary waves modes. Clearly, NV E and NV T give the same results (NV E urves
are more noisy beause the statistis is not as good).
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Study of the soliduid interfae for
the LennardJones system.
Jorge Benet, Luis G. MaDowell and Eduardo Sanz
Departamento de Químia Físia, Faultad de Cienias Químias, Universidad Com-
plutense de Madrid, 28040 Madrid, Spain
3.1 Abstrat
In this work we study the solidliquid interfae of the LennardJones model under o-
existene onditions by means of moleular dynamis simulations. We use the Capillary
Flutuation Method [1℄ to obtain the anisotropi interfaial stiness of several rystal
orientations. We use two dierent methods to obtain the interfaial free energy from
the orientationally dependent stiness: the Cubi Harmonis Expansion of Fehlner and
Vosko [2℄ and a new one based on a numerial estimate of the urvature of the inter-
faial free energy as a funtion of the orientation of the rystal. Moreover, we study
the dependene of our results on the geometry of the interfae showing that squares
(bidimensional interfaes) and stripes (quasimonodimensional interfaes) give ompa-
rable results exept when the (111) plane is exposed at the interfae. We show that
when this plane is exposed at the interfae, a phase transition from f to hp struture
may our. We also asses the ability of the employed order parameter to distinguish f
from hplike partiles near the interfae and show that f partiles may be mistakenly
labelled as hp.
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3.2 Introdution
The study of solidliquid interfaes is of great interest in many sienti elds ranging
from theoretial physis to hemial engineering. Due to its importane muh work
has been done both in theoretial and experimental studies, to understand the solid
liquid interfae [3, 4℄. However, in spite of its relevane and of all the work done until
the moment, there are still great disrepanies for basi physial magnitudes suh as
the interfaial free energy, γsl. This is, in part, due to the lak of a reliable way of
estimating γsl experimentally. Moleular simulation appears then as a promising tool to
determine suh magnitude, but disrepanies between dierent works are still very large.
For example, for the sodium hloride, whih is a very well studied system [5, 6, 7, 8℄, the
alulated values of its interfaial free energy range from 36 mN·m−1 [6℄ to 99 mN·m−1 [8℄.
Taking into aount that suh magnitude is highly relevant in many elds, e.g, rystal
nuleation and growth, wetting, et. it is desirable to look for a reliable method to
determine the interfaial free energy of the solidliquid interfae. Up to date there exist
several methods available in the literature to ompute γsl [9, 1, 10, 11, 12, 13, 14, 15, 16℄
Among them, the Capillary Flutuation Method (CFM) is one of the most ommonly
used. This method allows to obtain the anisotropi free energy γsl by measuring the
interfaial height utuations, and has been applied to many dierent systems, e.g. hard
spheres [17, 18℄, LennardJones [19℄, water [20℄, harged olloids [21℄, dipolar uids [22℄
and metals [1, 23, 24, 25℄.
It is a ommon pratie when employing the CFM to simulate systems with quasi
monodimensional interfaes [1, 17, 20, 19, 23, 24, 26℄ given that it is an easy way to
redue the system size. In spite of being suh a ommon pratie, very little work has
been done in order to study the eet of employing this geometry [25℄. In this sense
in Ref. [25℄ it is shown that the interfaial stiness of the (100) plane of an embedded
atom potential for Ni does not depend on the interfae geometry. Moreover, Ref. [26℄
shows that the dynamis of apillary waves of the (100)[001℄ orientation of a LJ model
is not aeted by the interfae geometry neither. Besides these studies, to the best of
our knowledge a systemati study of the eet of the interfae geometry has not been
arried out so far. In this work we alulate the interfaial stiness and the interfaial
free energy of the main rystallographi orientations for a LJ systems in both the quasi
1D and the 2D geometries. We nd good agreement between both geometries for all
orientations exept for the (111) plane. We also study the rystalline struture of the
solid phase, showing that an f to hp transition may our when the (111) plane is
exposed. Finally we study the ability of the order parameter to orretly label partiles
at the interfae. We onlude that the Steinhardtlike order parameter [27℄ widely used
to distinguish liquidlike from solidlike partiles [28, 29, 30℄ may give a misleading
piture for the interfaial partiles. In partiular we nd that the plane of an f lattie
148
3.3. Methods
in ontat with the liquid is predominantly seen as hp by suh order parameter.
3.3 Methods
3.3.1 Model and System
In this work we have employed the trunated and shifted LJ potential proposed by
Broughton and Gilmer [31℄
U(r) =

4ǫ
[(
σ
r
)12 − (σ
r
)6]
+ C1, r 6 2.3σ
C2
(
σ
r
)12
+ C3
(
σ
r
)6
+ C4
(
r
σ
)2
+ C5, 2.3 < r < 2.5
0, 2.5σ 6 r
(3.1)
where ǫ is the depth of the potential well, σ is the partile diameter, and Ck are
energy parameters whose values are: C1=0.016132ǫ, C2=3136.6ǫ, C3=-68.069ǫ, C4=-
0.083312ǫ, and C5=0.74689ǫ.
In order to study the eet of the system geometry we have employed two dierent
setups. The rst one onsists in an elongated stripe where one of the axis of the interfa-
ial plane is muh longer than the other. From now on we will refer to this geometry as
quasi1D geometry. The seond one onsists in a retangular interfae where both axis
of the interfaial plane have roughly the same length. This geometry will be referred
to as 2D geometry. The size for all the systems under study are shown in Tables 3.1
and 3.2. In Fig. 3.1 we show the way we refer to the edges of the simulation box for a
quasi1D system. To speify the rystal orientation of our quasi-1D systems we show
in parenthesis the Miller indexes of the interfaial plane, whih is perpendiular to a
vetor ~u ‖ z, and in square brakets, the Miller indexes of a plane perpendiular to a
vetor ~n ‖ y. Thus we study the propagation of the wave in a diretion given by ~v whih
is perpendiular to both ~u and ~n.
3.3.2 Simulation details
All our simulations have been done with the moleular dynamis GROMACS 4.5.5
pakage [32, 33℄. In this work we have used the implementation for Ar: σ = 3.405Å,
ǫ/kB = 119.8K, m = 6.69 ·10−26kg. The time step for the veloityverlet integrator was
set to 0.01 ps and a veloityresale thermostat [34℄ with a relaxation time of 1 ps was
used to keep the temperature onstant. In order to generate the initial onguration we
start by equilibrating the solid phase in an NpT simulation at oexistene onditions for
the orresponding thermodynami state (T=1kB/ǫ, p=4.95ǫ/σ
3
[35℄) and the average
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Orientation LxxLyxLz/σ
3
Partiles
(100)[001℄ 49.101 x 6.336 x 49.181 14743
(110)[001℄ 50.425 x 6.339 x 56.128 17280
(110)[
	
110℄ 50.712 x 6.723 x 53.896 17664
(111)[
	
110℄ 50.425 x 7.764 x 51.608 19440
(111)[11
	
2℄ 50.466 x 6.723 x 51.755 16848
Table 3.1. Orientation and size of the quasi1D systems .
Interfaial plane LxxLyxLz/σ
3
Partiles
(100) 49.101 x 19.007 x 49.181 44244
(110) 39.221 x 39.618 x 51.655 77000
(111) 47.064 x 48.524 x 43.520 94500
Table 3.2. Size of the 2D systems.
Figure 3.1. Snapshot of an initial onguration in a quasi-1D box geometry.
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value of Lx, Ly and Lz is obtained. The values for the rystal and liquid densities for
this thermodynami state were ρc=1.005σ
−3
and ρl=0.923σ
−3
, respetively. The nal
snapshot is then resaled to these average values. It is important to set Lx and Ly equal
to their equilibrium values in order to avoid any stress in the rystalline struture whih
may lead to erroneous results [36℄. Then a onguration of the liquid is simulated in a
box with the same Lx and Ly obtained for the solid phase and is equilibrated in the NpzT
ensemble at oexistene temperature and a pressure higher than the oexistene pressure
to ensure that the nal global density will lie in between the solid and liquid oexistene
densities. One we have both snapshots, they are brought together along the z diretion
and liquid partiles whih are less than one moleular diameter away from the solid
are removed. In this way the liquid density suers a small drop whih is ompensated
by the fat that it had been equilibrated at pressure higher than oexistene pressure.
Then the liquid is allowed to equilibrate in an NVT simulation were the solid partiles
are kept frozen at their rystalline positions. Finally the whole system is equilibrated
in the NVT ensemble for about 5 ns.
One we have the initial ongurations, prodution runs of about 50 ns are arried
out in the NVT ensemble, and snapshots are saved every 10 ps.
3.3.3 Capillary Flutuation Method
The interfaial free energy of a solidliquid interfae an be obtained by analyzing its
equilibrium interfaeheight utuations [1℄. Aording to the apillary wave theory
the averaged squared amplitude of a wave mode q, 〈|hq|2〉, is related to the interfaial
stiness, γ˜, by means of the equipartition theorem
〈|h~q|2〉 = kBT
Aγ˜q2
(3.2)
where kB is the Boltzmann onstant and A = LxLy is the interfaial area. The
term 〈|h~q|2〉 an be obtained from the interfaeheight utuations by Fourier transform:
h~q =
1
nj · nk
nj∑
j=1
nk∑
k=1
h(xj , yk)e
i~q(xj ,yk)
(3.3)
where h(xj , yk) is a smooth funtion whih desribes the interfae loation in a
grid of njxnk points and ~q is a twodimensional wavevetor with omponents qx and qy.
In this way we an hoose the diretion of propagation of the wave we analyse by setting
either qy = 0 or qx = 0. In order to obtain h(xj , yk) we make use the order parameter
q¯6 of Ref. [27℄ to identify the biggest solidlike luster of our ongurations (a detailed
desription of how this is done is given afterwards). Then, this disrete funtion an be
obtained by assigning a height to eah point (xj , yk) of the njxnk grid. To alulate suh
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~u ~n γ˜(~u, ~n)/γ0 γ(~u)/γ0
100 010 1− 9
2
√
21ǫ1 − 5
√
26ǫ2 1 +
1
2
√
21ǫ1 +
1
4
√
26ǫ2
110 001 1 + 39
8
√
21ǫ1 +
155
32
√
26ǫ2 1− 18
√
21ǫ1 − 1332
√
26ǫ2
110
	
110 1− 21
8
√
21ǫ1 +
365
32
√
26ǫ2 1− 18
√
21ǫ1 − 1332
√
26ǫ2
111 1
	
10 1 + 3
√
21ǫ1 − 809
√
26ǫ2 1− 13
√
21ǫ1 +
4
9
√
26ǫ2
111 11
	
2 1 + 3
√
21ǫ1 − 809
√
26ǫ2 1− 13
√
21ǫ1 +
4
9
√
26ǫ2
Table 3.3. Expressions for stiness and the interfaial free energy for the dierent orientations.
height we average the z oordinate of the n0 outermost partiles whose x,y oordinates
are enlosed within a square of side ∆ entered at (xj , yk). The sets of parameters
employed in this work are nj = 50, nk = 3, ∆ = 3σ and n0 = 4 for quasi-1D systems
and nj = 50, nk = 50, ∆ = 3σ and n0 = 4 for 2D systems.
The interfaial stiness is related to the interfaial free energy by the equation
γ˜(~u, ~n) =
(
γ(θ) +
d2γ(θ)
dθ2
)
θ=0
(3.4)
where θ is the angle between a vetor ~u′, perpendiular to the instantaneous in-
terfae, and the vetor ~u, perpendiular to the average orientation of the at interfae.
In order to extrat γ from Eq. 3.4 the dependene of the interfaial free energy
with the rystal orientation must be established. This is done by applying the ubi
harmonis expansion method of Fehlner and Vosko [2℄.
γ(~u)/γ0 ≈ K0,0 + ǫ1K4,1 + ǫ2K6,1 + ... (3.5)
where γ0 is the averaged interfaial free energy, Kl,d are the ubi harmonis and ǫk are
the anisotropy parameters. In the fourth olumn of Table 3.3 we give this expression
partiularized for eah interfaial plane studied in this work. Next, we plug Eq. 3.5
into Eq. 3.4 and obtain similar expressions for the stiness, whih are shown in the
third olumn of Table 3.3. One we have these expressions we an obtain γ0 and the
anisotropy parameters by tting our simulation data for the stiness to the equations
given in olumn three of Table 3.3. Then the interfaial free energy of eah plane an
be obtain by using the equations given in the fourth olumn of this Table. From now
on we will refer to the ubi harmoni expansion method as CHE.
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Orientation
γ˜0/ǫσ
−2
quasi-1D 2D
(100)[001℄ 0.37(2) 0.37(1)
(110)[001℄ 0.70(4) 0.73(2)
(110)[
	
110℄ 0.37(1) 0.41(2)
(111)[
	
110℄ 0.69(5) 0.75(4)
(111)[11
	
2℄ 0.50(4) 0.74(6)
Table 3.4. Comparison of the stiness values for the quasi1D and 2D geometries.
3.4 Results
3.4.1 Stiness and interfaial free energy
We perform prodution runs of about 50 ns and obtain over 5000 ongurations. We
analyse these ongurations in order to alulate the interfaial prole h(xj , yk) of eah of
the two solidliquid interfaes present in our simulation box due to the periodi boundary
onditions applied. Then we fourier transform these interfaial proles aording to Eq.
3.3 to obtain estimates of |hq|2 whih we average to get< |hq|2 >. The interfaial stiness
is then obtained via Eq. 4.3. Aording to apillary wave theory the q-dependene of γ˜
is as follows [37, 38, 39℄:
γ˜(q) = γ˜0 + aq
2 + bq4 (3.6)
In Fig. 3.2 we plot γ˜(q) versus q for all the systems studied and t the data to Eq.
3.6 to obtain γ˜0. The values thus obtained are shown in Table 3.4. It an be seen
that the (100)[001℄, (110)[001℄ and (110)[
	
110℄ orientations give omparable results for
both quasi-1D and 2D geometries. However, when the (111) plane is exposed at the
interfae, the agreement between both geometries is broken. Besides, aording to the
ubi harmonis expansion, both the (111)[
	
110℄ and (111)[11
	
2℄ orientations should have
the same stiness value due to geometrial onsiderations. We observe this behaviour
for the 2D system but not for the quasi-1D. Later on we will explore the reason for this
unexpeted nding.
The stiness provides a diret measure of the utuations of the interfae, but it
also allows us to obtain γsl via Eq. 3.4 as seen in the Introdution. In a work published
by Morris and Song [40℄ the CHE is employed to alulate the anisotropi interfaial
free energy from the stiness for a LennardJones system at a dierent temperature.
In their work they ompare the results obtained by tting the data obtained for the
stiness to the equations given in Table 3.3 either by setting ǫ2 = 0 or by letting it
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Figure 3.2. Plots of γ˜ vs q for all the systems investigated. Blak irles orrespond to quasi1D
systems and red squares orrespond to 2D systems. Solid lines are ts to the data inside the box.
as a free adjustable parameter. They show that the results obtained in both ways are
the same within statistial error. We have followed the same proedure employing the
more general approah of letting ǫ2 to be an adjustable parameter. Sine, as seen above,
the (111) plane is giving ontraditory results we have deided not to inlude it in our
alulations. The results for the interfaial free energy thus obtained are shown in Table
3.5.
We have also applied the Numeri Estimate of the Curvature method (ENC),
desribed in Chapter 3.3.2 of Part I of the Thesis, to alulate the interfaial free energy
of the (100) and (110) planes. The results obtained from this method are also shown
in Table 3.5 together with those of Ref. [35℄. By looking at it we an see that both
the quasi-1D and 2D geometries give the same values of γ0, γ100 and γ110, although 2D
systems tend to give slightly higher values always between our margin of error. This
remark is more notieable when the ENC method is employed. By omparing our results
obtained with those of Ref. [35℄ it an be seen that our data are in good agreement in
all ases. However, the CHE method gives slightly better results. When we ompare
the interfaial free energy of the interfaial planes obtained by both methods, it is seen
that both methods lead to a higher energy for the (100) plane, and again this dierene
is a bit higher when using the ENC method. In this sense, in spite of being a bit less
reliable than the CHE method, the ENC method provides reasonable results for γ.
In a reent paper by Benjamin and Horbah the solidliquid interfaial free energy
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γ/ǫσ−2
CHE ENC
Ref.[35℄
q-1D 2D q-1D 2D
γ0 0.53(3) 0.54(2) - - 0.539(4)
γ100 0.55(3) 0.56(1) 0.56(4) 0.58(2) 0.562(6)
γ110 0.52(3) 0.54(2) 0.50(3) 0.54(2) 0.543(6)
Table 3.5. Interfaial free energies as obtained by the CHE and ENC methods without inluding the
(111) plane.
of dierent rystallographi planes of the LennardJones model are alulated by an
improved leaving method for several temperatures, and a study of the system size
dependene of the interfaial free energy for the (100) plane is done [16℄. The results
of this study are fully onsistent with those of Ref. [35℄. However, when studying
the system size dependene they show that in the thermodynami limit γ100 is inreased
about a 2% leading to a value of 0.576 ǫ/σ2. This result may explain the small dierenes
observed in our work for the stinesses and interfaial free energies for the quasi-1D and
2D systems.
In order to be able to determine the interfaial free energy of the (111) plane we
have inluded in our alulations the (111) 2D system whih we onsider more reliable
than the quasi-1D system beause it gives the same stiness for both orientations, as
expeted from the expression of Fehlner and Vosko [2℄. Doing this we obtain γ0 =
0.56±0.02ǫ/σ2, γ100 = 0.58±0.02ǫ/σ2, γ110 = 0.56±0.03ǫ/σ2 and γ111 = 0.54±0.02ǫ/σ2.
We observe that our values of γ tend to inrease in all ases. A similar behaviour was
found in the work of Rozas and Horbah [25℄ for soliduid interfaes of nikel. In
that work they found that the average value of the interfaial free energy suered a
noteworthy inrease when the (111) plane was inluded in their alulations. In this
sense it seems that the (111) plane presents an anomalous behaviour whih needs to be
understood in order to larify the eet that it has in the alulation of the interfaial
free energy values. In spite of that these results are still in fair agreement with our
previous ones and with those of Ref. [35℄ (in that referene the reported value for γ111
is 0.508(8)ǫσ−2).
3.4.2 Hp versus f
As it is mentioned in the setion above, the (111) is the only studied plane that gives a
dierent stiness for quasi-1D and 2D interfaes. Moreover, when this plane is inluded
in the alulations, the interfaial free energies are overestimated. With the aim of
gaining some lues on the anomalous behaviour of the (111) plane we study in some
detail the struture of the solid when suh plane is exposed to the uid. We make
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System % HCP
(100)[001℄ q1D 0.12
(100) 2D 0.12
(110)[001℄ q1D 0.12
(110)[
	
110℄ q1D 0.12
(110) 2D 0.13
(111)[
	
110℄ q1D 0.85
(111)[11
	
2℄ q1D 0.15
(111) 2D 0.17
Table 3.6. Perentage of f and hp partiles for all the systems investigated. For eah orientation
10 independent snapshots have been used.
use of an order parameter [27℄ whih allows us to distinguish liquidlike from solidlike
partiles and, within the solid partiles, those having an f environment from those
having an hp one. We set the threshold values for the q¯4 and q¯6 parameters following
Ref. [26℄. We use the q¯6 order parameter to distinguish between solidlike and liquid
like partiles. If a partile has a value of the order parameter higher than the threshold
value of q¯6,th = 0.294 it is labelled as solidlike. Otherwise it is labelled as liquidlike.
Doing so we get rid of all liquidlike partiles present in the system. We set the threshold
value at q¯4,th = 0.123 and onsider as hplike any partile with a value of the order
parameter higher than this threshold and flike otherwise.
In Figs. 3.3 to 3.10 we show a snapshot of all our systems with partiles labelled as
liquidlike (green), flike (blak) or hplike (red), aording to the value of their order
parameters. In all of them, we an see a solid slab plaed between liquidlike partiles.
For all the orientations, exept for the quasi1D (111)[
	
110℄, this solid struture is formed
mainly of flike partiles with some regions of hplike ones. Besides, the majority
of these hp regions are plaed at the solidliquid interfae. However, for the quasi1D
(111)[
	
110℄ orientation, the result is ompletely dierent, and we an see that a phase
transition has ourred in the solid phase. We made sure this result is reproduible
by repeating the simulation starting from a dierent onguration. In this orientation
mostly the whole solid has hanged from flike to hplike, and only two thin stripes
of flike partiles remain in the bulk of the solid phase. We quantify these results
in Table 3.6. There we show the perentage of flike and hplike partiles, whih
has been alulated by averaging over several snapshots after equilibration. It an be
seen that the perentage of hplike partiles remains approximately the same for all
the systems but for the (111)[
	
110℄ orientation, whih has the opposite perentage. It is
known that the free energy dierene between f and hp strutures is very low. On the
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(a) All partiles (b) Solid partiles () Liquid and hp like partiles
Figure 3.3. (100)[001℄ quasi1D system. Green: liquid partiles, Blak: f partiles, Red: hp
partiles
(a) All partiles (b) Solid partiles () Liquid and hp like partiles
Figure 3.4. (110)[001℄ quasi1D system. Green: liquid partiles, Blak: f partiles, Red: hp
partiles
one hand the lattie energy of the hexagonal lose paking is lower than that of the ubi
lose paking [41℄. However, when inreasing the temperature the f struture beomes
the more stable one, although the range of stability depends on the modiations of the
LJ potential and its range of trunation [42℄. Suh a small dierene between bulk free
energies makes possible the appearane of nite size eets. In this sense a slightly higher
value in γsl for the f struture than for the hp struture might hange the relative
stability of these phases in a nite size system. This result is still quite bothersome,
given that it was the quasi1D (111)[11
	
2℄ orientation and not the (111)[
	
110℄ the one
with the suspiious stiness value. In this sense we would have expeted that it was the
quasi1D (111)[11
	
2℄ orientation the one whih suered from rerystallization, explaining
the anomaly in the stiness.
Taking a loser inspetion of the data of Table 3.6 we an see that systems with the
(111) plane at the interfae have a slightly higher perentage of hplike partiles than
the others. This fat is not unexpeted taking into aount that the relaxation of the
apillary waves at the interfae is governed by a melting/rerystallization mehanism
[26℄. This mehanism allows the appearane of staking faults when the (111) plane
of an f struture, whih is a lose paked plane, is exposed at the interfae. Thus
the appearane of hp strutures is possible in these systems given that f and hp
strutures only dier on the staking sequene of lose paked planes, being ABA the
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(a) All partiles (b) Solid partiles () Liquid and hp like partiles
Figure 3.5. (110)[
	
110℄ quasi1D system. Green: liquid partiles, Blak: f partiles, Red: hp
partiles
(a) All partiles (b) Solid partiles () Liquid and hp like partiles
Figure 3.6. (111)[
	
110℄ quasi1D system. Green: liquid partiles, Blak: f partiles, Red: hp
partiles
(a) All partiles (b) Solid partiles () Liquid and hp like partiles
Figure 3.7. (111)[11
	
2℄ quasi1D system. Green: liquid partiles, Blak: f partiles, Red: hp
partiles
(a) All partiles (b) Solid partiles () Liquid and hp like partiles
Figure 3.8. (100) 2D system. Green: liquid partiles, Blak: f partiles, Red: hp partiles
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(a) All partiles (b) Solid partiles () Liquid and hp like partiles
Figure 3.9. (110) 2D system. Green: liquid partiles, Blak: f partiles, Red: hp partiles
(a) All partiles (b) Solid partiles () Liquid and hp like partiles
Figure 3.10. (111) 2D system. Green: liquid partiles, Blak: f partiles, Red: hp partiles
sequene orresponding to the f struture, and ABC the sequene orresponding to
the hp struture. However, in theory this is only possible when the (111) plane is at
the interfae and not for any other plane. It is interesting to investigate the origin of
hp-like partiles in systems where planes other than the 111 are exposed. We have
taken a perfet f struture and analyzed it with the q¯4 order parameter. As shown in
Fig. 3.11a all the partiles are identied as flike. Next we take this solid struture,
keep it frozen and plae a liquid onguration next to its (100) plane. After letting the
liquid diuse to the solid we have analyzed the resulting onguration. As it is shown in
Figs. 3.11b and 3.11 some of the surfae partiles of the frozen f struture, whih had
been identied previously as flike, are now identied as hplike due to the presene
of the liquid.
This fat suggests that the hplike partiles found at the interfae for all the
systems but for the (111) are not partiles in a real hp environment but flike partiles
mistakenly labelled as hp beause they are lose to the liquid. In fat, bulk hp partiles
have q¯6 values that lie in between those typial of liquid and f partiles. This result
is very interesting sine it has been argued that the nuleation proess of an f rystal
in a superooled liquid ours via an hp preursor nuleus [28℄. In view of the study
performed here we think it would be worth heking whether the preursor nuleus is
really hp or rather a small f nuleus having most partiles in ontat with the uid
and therefore being wrongly deteted as hp.
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(a) (b) ()
Figure 3.11. Crystalline struture identiation aording to q¯4 and q¯6 parameters. Green: liquid
partiles, Blak: f partiles, Red: hp partiles. (a) Ideal f struture. (b) Ideal f struture
plaed next to a liquid. () Projetions of the ideal f struture plaed next to a liquid phase. Top:
lateral projetion, Bottom: interfaial plane.
3.5 Conlusions and outlook
In this work we have performed a thorough study of the soliduid interfae for the
LennardJones model in whih we have ompared two dierent interfae geometries:
quasi1D and 2D. Our results show that the quasi-1D geometry gives slightly lower
values for both the interfaial stiness and the interfaial free energy, but always within
the error. In this sense the use of quasi1D interfaes is a reliable way of reduing
the system size when studying interfaes by means of the apillary utuation method.
However, when using the (111) plane the agreement between both geometries is broken
and the values obtained for the interfaial free energy inrease. This eet was also
observed in a reent work by Rozas and Horbah for Nikel interfaes. Besides, when
this plane is exposed at the interfae the quasi1D geometry gives dierent values for
the stiness depending on the wave propagation diretion. This observation disagrees
with the ubi harmonis expansion whih says that both orientations should have the
same stiness due to symmetry onsiderations. In order to nd the origin of the
anomalous behaviour of the (111) plane we have investigated the rystalline struture
of the solid phase and we have shown that the quasi1D (111)[
	
110℄ orientation suers a
phase transition from f to hp struture, preventing us from alulating the interfaial
stiness of an f struture in suh orientation. Taking these fats into aount more
researh onerning the (111) plane is needed. Finally we have observed that the identity
of a partile may hange when a dierent phase is plaed lose to it. This result is very
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relevant beause it reveals the diulty of orretly labelling interfaial partiles. In this
sense we state that it is not meaningful to identify a rystal struture at an interfae
just by looking at the value of the order parameter.
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Figure 3.12. Plots of ln[< |hq|2 > A/kBT ] vs ln(q) for all the systems investigated. < |hq|2 > A/kBT
is given in σ4/ǫ and q is given in σ−1. Blak irles orrespond to quasi1D systems and red squares
orrespond to 2D systems. Solid lines are linear ts of slope -2 in the low q regime. The interept of
these ts is − ln(γ˜).
Appendix A: Alternative Analysis
In the main text we have obtained the thermodynami limit of the interfaial stiness
from a t of the data to Eq. 3.6. This method, whih from now on will be referred
as method 1, has already been used in previous works [21, 18℄. However, apart from
this method, there exists an alternative one whih has also been used in several works
[20, 25, 40℄. This alternative method, whih will be referred as method 2, obtains the
thermodynami limit of the interfaial stiness by looking for the region where the
stiness is independent of the wavevetor. Suh regime an be found from Eq. 4.3 by
rearranging it and taking logarithms:
ln
A
〈|h2q|〉
kBT
= − ln γ˜ − 2 ln q (3.7)
Thus, by plotting ln(A < |hq|2 > /(kBT )) vs ln q we should obtain, at least in the low q
regime, a region where the data an be tted to straight line of slope -2. The interept
of suh line is − ln(γ˜). In Fig. 3.12 we show suh plots for all the systems here studied,
and their orresponding values for the stinesses thus obtained are shown in Table 3.7.
As it an be seen, method 2 gives onsiderably higher values than method 1, some of
them even beyond the margin of error. The reason of this behaviour is that method 2
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Orientation
γ˜0/ǫσ
−2
Method 1 Method 2
quasi-1D 2D quasi-1D 2D
(100)[001℄ 0.37(2) 0.37(1) 0.43(2) 0.43(2)
(110)[001℄ 0.70(4) 0.73(2) 0.74(2) 0.77(2)
(110)[
	
110℄ 0.37(1) 0.41(2) 0.45(3) 0.49(3)
(111)[
	
110℄ 0.69(5) 0.75(4) 0.69(3) 0.76(2)
(111)[11
	
2℄ 0.50(4) 0.74(6) 0.56(2) 0.76(3)
Table 3.7. Comparison of the stiness values for the quasi1D and 2D geometries obtained by the
two dierent methods of analysis.
γ/ǫσ−2
Method 1 Method 2
Ref.[35℄
q-1D 2D q-1D 2D
γ0 0.53(3) 0.54(2) 0.58(2) 0.59(2) 0.539(4)
γ100 0.55(3) 0.56(1) 0.59(2) 0.61(2) 0.562(6)
γ110 0.52(3) 0.54(2) 0.57(2) 0.59(2) 0.543(6)
Table 3.8. Interfaial free energy as obtained by the two dierent methods of analysis. In both ases
the CHE has been used to alulate γ. In this ase the (111) plane has not been inluded in the
alulation.
is very sensitive to the number of points inluded in the t. By taking a look to Fig.
3.12 it an be learly seen that as ln(q) inreases data deviate to lower values than that
of the linear region. The onsequene of this behaviour is that when a point whih is in
the limit of the linear region is inluded, the interept of the t is lowered. Therefore,
as the interept is related to γ˜ aording to
γ˜ = e−intercept (3.8)
a derease in the value of the interept leads to higher values of γ˜.
This inrease in the values of the stinesses has a non negligible eet in the
alulation of γ. As it is shown in Tables 3.8 and 3.9 the values of γ inrease in all ases,
deviating signiantly from our previous results and those obtained in Ref. [35℄.
Taking into aount that the results of [35℄ have been obtained by a dierent
method whih diretly measures γ without the need of an extrapolation, it seems that
method 1 is giving better results for the stiness. The drawbak of method 2 is that
it assumes a region where γ˜ does not depend on q. However, this region only appears
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γ/ǫσ−2
Method 1 Method 2
Ref.[35℄
γ0 0.56(2) 0.61(3) 0.539(4)
γ100 0.58(1) 0.62(3) 0.562(6)
γ110 0.56(2) 0.60(2) 0.543(6)
γ111 0.54(2) 0.59(3) 0.508(8)
Table 3.9. Interfaial free energy for 2D systems as obtained by the two dierent methods of analysis.
In both ases the CHE has been used to alulate γ.
for very small values of q whih are hardly aessible in simulation (see Fig. 3.2 in the
main text).
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Interfaial free energy of NaCl
solid-liquid interfaes from Capillary
Wave Flutuations
Jorge Benet, Luis G. MaDowell and Eduardo Sanz
Departamento de Químia Físia, Faultad de Cienias Químias, Universidad Com-
plutense de Madrid, 28040 Madrid, Spain
4.1 Abstrat
In this work we study, by means of Moleular Dynamis simulations, the solidliquid
interfae of NaCl under oexistene onditions. By analysing apillary waves, we obtain
the anisotropi stiness for dierent orientations of the solid and alulate the interfaial
free energy by expanding the dependeny of the interfaial free energy with the solid
orientation in terms of ubi harmonis. We obtain an average value for the soliduid
interfaial free energy of 89 ± 6 mN·m−1, that is onsistent with previous results based
on the measure of nuleation free energy barriers [J. Chem. Phys. 122 194501 (2005)℄.
We analyse the inuene of the simulation setup on interfaial properties and nd that
faets prepared as an elongated retangular stripe give the same results as those prepared
as squares for all ases but the 111 fae. For some rystal orientations, we observe a
surprising deay of the stiness at low wavevetors and show that this behaviour does
not depend on the simulation setup.
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4.2 Introdution
The interfaial free energy between a solid and its melt has a great inuene in the rate at
whih rystal nulei emerge from the underooled melt, as well as on the speed and shape
with whih suh nulei grow [1, 2℄. The determination of the rystal-melt interfaial
free energy, γ, is of great pratial importane given the signiane of rystallization in
industry, material siene, geology or biology. Unfortunately, the experimental measures
of γ are not as aurate as desirable, as exemplied by the wide range of values 25 to
35 mN/m reported for the ie/water interfae [3℄.
Computer simulations in ombination with good interation potentials an be used
to predit γ. There exist several simulation methods to ompute γ [4, 5, 6, 7, 8, 9, 10,
11, 12℄ that have been applied in the past to a number of systems like e. g. hard-
spheres [13, 14, 15, 16, 7, 11, 9℄, Lennard-Jones [4, 10, 17, 11, 12, 18℄, sodium hloride
[19, 20, 21℄, dipolar uids [22℄, hard dumbbells [23℄, metals [24, 25, 26℄, harged olloids
[27℄, or water [28, 29, 30, 31℄. For some of the studied systems there seems to be a
fair agreement between the results obtained by dierent groups and dierent methods.
For instane, it appears well established that γ for the (100) rystal plane of the hard
spheres system is 0.59 ± 2 kBT/σ2 [13, 32, 11, 33℄. Agreements within 5% an also be
found for the Lennard-Jones model [18, 10, 34, 11, 12℄ or the TIP4P/2005 water model
[30, 31℄.
By ontrast, a onsensus over the rystal-melt interfaial free energy for sodium-
hloride has not been reahed yet, in spite of the importane of this salt. In 2005
Zykova-Timan and ollaborators [20, 21℄ alulated γ for the TosiFumi NaCl model
[35, 36℄. They simulated a liquid slab surrounded by its vapor to alulate the liquid
vapor surfae tension at the melting point by employing the Kirkwood-Bu formula [37℄.
Then they obtained the solidvapor surfae free energy by thermodynami integration.
Finally, by measuring the ontat angle of a small liquid droplet deposited on top of the
solid they alulated γ via Young's equation. The value thus obtained is 36 mN·m−1. In
the same year, and also for the Tosi-Fumi model, Valeriani and ollaborators performed
a study of the nuleation of NaCl rystallites from the superooled melt and alulated
the height of the nuleation barrier [19℄. Then, Classial Nuleation Theory was em-
ployed to estimate γ. The values thus obtained were 100 mN·m−1, if the luster's shape
was assumed to be spherial, and 80 mN·m−1 for a ubi shape. Either value lashes
strongly with the 36 mN·m−1 of Refs. [20, 21℄. The γ oming from the alulation of
nuleation barriers was revisited by both groups in 2008 in an attempt to reonile the
36 mN/m with the 80-100 mN/m [38℄. In Ref. [38℄, eets like the dependeny of γ
with temperature, the nuleus ompressibility and urvature, the presene of edges and
vertex in the nuleus or the arbitrariness with whih the surfae is deteted were taken
into aount. Unfortunately, none of these fators was able to aount for the large
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disrepany.
Motivated by this unresolved disrepany we pursue an independent measure of γ
using the apillary utuation method [5℄, that has been suessfully used in the past to
evaluate γ for systems like hard spheres [32, 15℄, Lennard-Jones [17℄, water [31℄ or metals
[5, 39, 40, 26℄. This method uses apillary wave theory to provide values of γ through
an analysis of surfae waves for several rystal orientations simulated at ontat with
the melt under oexistene onditions. Using this method we obtain an orientationaly
averaged γ of 89 mN/m, in fair agreement with the results derived from nuleation
barriers [19, 38℄. All studied rystal planes (100, 110, 111 and 112¯) give the same γ
within the auray of our alulations, whih is of about 5 perent. Interestingly, we
nd that the stiness deays at low wave-vetors for some rystal orientations, suggesting
that these may be unstable. We also assess the dependene of the obtained results on
the system size and on the shape of the interfae (squares versus elongated stripes). For
all studied rystal faes exept the 111, both interfae geometries give idential results.
The paper is organised as follows: In Se. 4.3 we present the simulation model, give
simulation details and summarize the apillary utuation method. In Se. 4.4 we
present and disuss the results and in Se. 4.5 we give the main onlusions.
4.3 Methods
4.3.1 Model
There are several models available in the literature to simulate NaCl [41, 42, 43, 35, 36℄.
We opt for the Tosi-Fumi model [35, 36℄ to ompare with previous studies [19, 20, 21℄.
The properties of this model are quite lose to those of real NaCl [35, 36, 44℄. Our
study onrms that 1082 K is a good value for the melting temperature of the model
beause the interfae remains stable throughout the simulations. The melting point of
the model at normal pressure has been estimated in several simulation works. In Ref.
[45℄ the melting point was alulated by a density of states method and the reported
result was 1050 K. However, studies based on free energy alulations have reported
values of the melting temperature of 1064K [46℄ and 1089K [47℄, while diret simulation
of the liquidsolid oexistene has led to values of 1066K [21℄ and 1063K [48℄. In 2012,
Aragones and ollaborators alulated the melting point of the Tosi-Fumi model by
three dierent routes, namely solidliquid diret oexistene, free energy alulations
and Hamiltonian Gibbs-Duhem integration [44℄. The reported melting temperature
was 1082K, whih is the temperature at whih we do our simulations. The melting
temperature of the model is lose to the experimental one, namely 1074 K.
The Tosi-Fumi (TF) potential is based in the work done by Born [49℄, Pauling
[50, 51℄, Mayer [52℄ and Mayer and Huggins [53℄ and has the following form:
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Interation Aij(kJ ·mol−1) ρij(Å) Cij(Å6kJ ·mol−1) Dij(Å8kJ ·mol−1)
Na
+
/Na
+
40870.5 0.317 101.2 48.2
Na
+
/Cl
−
121075.5 0.317 674.5 837.0
Cl
−
/Cl
−
336258.6 0.317 6985.7 14031.6
Table 4.1. Parameters for the TosiFumi potential for NaCl.
U(rij) = Aije
−rij/ρij − Cij
r6ij
− Dij
r8ij
+
qiqj
4πǫ0rij
(4.1)
The interation parameters have the values reported in Table 4.1.
4.3.2 Simulation details
We have used the GROMACS 4.5.5 pakage [54, 55℄ to perform Moleular Dynamis
simulations in the NV T ensemble. The time step for the Veloity-Verlet algorithm was
xed at 0.007 ps and a veloity-resale thermostat with a relaxation time of 2 ps was used
to keep the temperature lose to the melting temperature of the model [56℄. We have
trunated the van der Waals interation at a distane of 14 Å, while the eletrostatis
were alulated using the Partile Mesh Ewald method, also trunated at 14 Å in real
spae. The system was prepared under oexistene onditions (1bar, 1082K) where
the densities of the solid and uid phases are ρs = 1.876g/cm
3
and ρl = 1.465g/cm
3
,
respetively [44℄.
In this work we have studied two dierent system geometries. In the rst one
the interfae is an elongated stripe whih allows us to probe long wave-length apillary
waves without dealing with a large number of partiles (see Fig. 4.1 for a snapshot
of a typial simulation box). From now on we will refer to this geometry as quasi-1D
geometry. As shown in in Fig.4.1 the interfaial plane is perpendiular to ~u, and the
apillary waves propagate along ~v, whih is perpendiular to both ~u and ~n. In the seond
one the interfae is roughly a square with similar simulation box edges Lx and Ly. We
will refer to this geometry as 2D geometry. Prodution runs were performed for a total
length of about 20 ns or 50 ns depending on the system geometry; 20 ns for the 2D
systems and 50 ns for the quasi-1D systems. Note that the quasi-1D system only allows
for the study of one propagation diretion (along the long edge of the simulation box).
In order to indiate whih ombination of rystal plane and wave propagation
diretion is being studied we refer to our systems as (ijk)[lmn℄, where (ijk) are the
Miller indies of the interfaial plane, that is perpendiular to ~u; and (lmn) are the
Miller indies of the plane whih is perpendiular to ~n. A detailed desription of eah
system is given in Tables 4.2 and 4.3.
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Figure 4.1. Snapshot of the quasi-1D geometry for the (100)[001℄ orientation.
Orientation LxxLyxLz (nm
3
) Ions
(100)[001℄ 17.7612 x 2.9605 x 18.5599 33600
(110)[
	
110℄ 17.7742 x 2.9326 x 9.5694 16800
(111)[1
	
10℄ 17.5818 x 3.6254 x 16.733 35280
(111)[11
	
2℄ 18.1294 x 3.7681 x 22.022 48600
(110)[001℄ 18.0031 x 2.9605 x 9.5028 17200
(11
	
2)[111℄ 17.4038 x 4.1020 x 14.4999 36432
(11
	
2)[1
	
10℄ 17.4320 x 3.6254 x 15.9351 33660
Table 4.2. Size of the quasi-1D systems studied in this work.
Interfaial plane LxxLyxLz (nm
3
) Ions
(100) 11.8402 x 11.8402 x 16.6172 76800
(110) 11.7210 x 11.8401 x 16.2350 75520
(111) 12.3264 x 12.5586 x 15.3012 79560
(11
	
2) 12.3261 x 12.3044 x 13.4772 67320
Table 4.3. Size of the 2D systems studied in this work.
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4.3.3 Capillary Flutuation Method
We make use of the Capillary Flutuation Method (CFM) [5℄ to obtain the anisotropi
stiness of the system. In this method the interfae prole of the solidliquid interfae is
analysed under oexistene onditions. The rst step onsists in labelling the partiles
as solidlike or liquidlike depending on the value of a loal bond order parameter, d4
[57℄. We follow Ref. [19℄, where two partiles are onsidered to have a solid onnetion
if they have a d4 value higher than 0.35. A partile is onsidered as solidlike if it has at
least 6 solid onnetions. Then the biggest luster of solidlike partiles present in the
system is identied. A disrete funtion for the interfae prole, h(xj , yk), an be then
obtained by assigning a height to eah point (xj , yk) of an njxnk lattie in the xy plane.
The height for a given lattie site is alulated by averaging the z-position of the n0
outermost atoms whose x,y oordinates are enlosed within a square of side ∆ entered
at the site. The sets of parameters employed in this work for suh analysis are nj=40,
nk=4, ∆ = 7.5 Å and n0=3 for quasi-1D systems and nj=40, nk=40, ∆ = 7.5 Å and
n0=3 for 2D systems. One we have h(xj , yk) we perform its Fourier transformation:
h~q =
1
nj · nk
nj∑
j=1
nk∑
k=1
h(xj , yk)e
i~q(xj ,yk)
(4.2)
where ~q is a twodimensional wave-vetor with omponents qx and qy. We an hoose
whih diretion of propagation is analysed by setting either qx = 0 or qy = 0.
To obtain the interfaial stiness, γ˜, we make use of an expression provided by
the Capillary Wave Theory, whih gives a relationship between h~q and the interfaial
stiness, γ˜, through the equipartition theorem:
γ˜ =
kBT
A 〈|hq|2〉 q2 (4.3)
where A = LxLy is the interfaial area.
The analysis of our simulations via Eq. 4.3 gives us the stiness but not the
interfaial free energy. The interfaial free energy for a given rystal orientation is
related to the anisotropi stiness, γ˜(~u, ~n), by [58℄:
γ˜(~u, ~n) =
(
γ(θ) +
d2γ(θ)
dθ2
)
θ=0
(4.4)
where θ is the angle between the average planar interfae dened by ~u and the
vetor normal to the instantaneous interfae
~u′.
In order to obtain γ from Eq. 5.3 it is neessary to establish the dependene of the
interfaial free energy with the rystal orientation. This is done by applying the ubi
harmoni expansion proposed by Fehlner and Vosko in 1976 [59℄:
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K0,0 = 1
K4,1 =
√
211
4
[5Q− 3]
K6,1 =
√
13
2
1
8
[462S + 21Q− 17]
K8,2 =
√
561 1
32
[65Q2 − 208S − 94Q+ 33]
K10,2 =
√
455
2
1
64
[7106QS + 187Q2 − 3190S − 264Q+ 85]
Table 4.4. Normalized ubi harmonis in terms of Q y S, where Q = x4 + y4 + z4 y S = x2y2z2
being x,y,z the Cartesian omponents of ~u.
Interfaial plane γ(~u)/γ0
(100) 1 + 1
2
√
21ǫ1 +
1
4
√
26ǫ2 +
1
8
√
561ǫ3 +
1
16
√
910ǫ4 +
9
164
√
451ǫ5
(110) 1− 1
8
√
21ǫ1 − 1332
√
26ǫ2 +
9
128
√
561ǫ3 − 1512
√
910ǫ4 +
2517
20992
√
451ǫ5
(111) 1− 1
3
√
21ǫ1 +
4
9
√
26ǫ2 +
1
27
√
561ǫ3 − 881
√
910ǫ4 +
953
9963
√
451ǫ5
(11
	
2) 1− 1
8
√
21ǫ1 +
37
288
√
26ǫ2 − 1733456
√
561ǫ3 +
233
4608
√
910ǫ4 +
284551
5101056
√
451ǫ5
Table 4.5. Expressions for the interfaial free energy for dierent rystal planes from Eq. 4.5.
γ(~u)/γ0 ≈ K0,0 + ǫ1K4,1 + ǫ2K6,1 + ǫ3K8,2 + ǫ4K10,2 + ... (4.5)
where γ0 is the interfaial free energy averaged over all orientations, Kl,d are the
ubi harmonis given in Table 4.4 and ǫk are the anisotropy parameters. In Table 4.5
we give the expression above partiularized for the dierent interfaial planes studied in
this work. We then plug Eq. 4.5 in Eq. 5.3 by taking the seond derivative of Eq. 4.5
with respet to θ (whih requires writing the Cartesian oordinates of vetors ~u and ~v
as a funtion of θ). We obtain, as a result, the equations given in Table 4.6. We obtain
the anisotropy parameters by ombining suh equations with our simulation results for
the stiness, and then use them to obtain the interfaial free energy via Eq. 4.5.
4.4 Results
4.4.1 Interfaial Stiness
In Fig. 4.2 the interfaial stiness is plotted against the wave-vetor modulus, q, for
all orientations studied in this work. For eah orientation we ompare 2D (red squares)
with quasi-1D interfaes (blak irles). As disussed later, both interfaial geometries
give similar results.
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~u ~n γ˜(~u, ~n)/γ0
100 010 1− 9
2
√
21ǫ1 − 5
√
26ǫ2 − 358
√
561ǫ3 − 278
√
910ǫ4 +
9
164
√
451ǫ5
110 001 1 + 39
8
√
21ǫ1 +
155
32
√
26ǫ2 − 455128
√
561ǫ3 − 1233512
√
910ǫ4 − 10917920992
√
451ǫ5
110
	
110 1− 21
8
√
21ǫ1 +
365
32
√
26ǫ2 − 175128
√
561ǫ3 +
1341
512
√
910ǫ4 − 27843920992
√
451ǫ5
111 1
	
10 1 + 3
√
21ǫ1 − 809
√
26ǫ2 − 3527
√
561ǫ3 +
16
3
√
910ǫ4 − 733819963
√
451ǫ5
111 11
	
2 1 + 3
√
21ǫ1 − 809
√
26ǫ2 − 3527
√
561ǫ3 +
16
3
√
910ǫ4 − 733819963
√
451ǫ5
11
	
2 1
	
10 1 + 19
8
√
21ǫ1 +
1255
288
√
26ǫ2 +
4795
3456
√
561ǫ3 − 210414608
√
910ǫ4 − 13180375101056
√
451ǫ5
11
	
2 111 1− 1
8
√
21ǫ1 − 2735288
√
26ǫ2 +
7315
3456
√
561ǫ3 − 41234608
√
910ǫ4 − 425028175101056
√
451ǫ5
Table 4.6. Expressions for the stiness for dierent rystal orientations from Eqs. 5.3 and 4.5.
The interfaial stiness is expeted to reah a onstant value, γ˜(0), as q goes to
0 and the thermodynami limit is approahed. This behaviour an be learly seen in
Figs. 4.2 (a)-(d). Aording to apillary wave theory the q-dependene of γ˜ is as follows
[60, 61, 62℄:
γ˜(q) = γ˜(0) + aq2 + bq4 (4.6)
Therefore, by tting the data to the equation above we an obtain γ˜(0). Suh
ts are represented by solid lines in Fig. 4.2, and the q-range where the t is made is
indiated by a retangle inside eah plot (in some of the ases the smallestq point has
been left out of the t due to a lak of statistis). The stinesses drawn from these ts
are reported in Table 4.7.
The behaviour shown in plots (e), (f), (g) of Fig. 4.2 is unonventional and, to
the best of our knowledge, has not been reported before. In these ases γ˜(q) drops for
low-q values and it is not possible to t the data to Eq. 6.14 in order to make the
extrapolation to q=0. The observed anomalous behaviour of γ˜(q) is not a system size
eet sine it an be seen both in 2D and in quasi-1D interfaes. A further assessment
of nite size eets is shown in Fig. 4.3, where γ˜(q) for the (110)[001℄ orientation is
alulated for various box geometries (see aption). Again, the anomaly is robust to
system size. As the interfaial stiness an be understood as the resistane of a ertain
surfae to show rystallographi planes other than that given by ~u, a drop of γ˜ for
large wave lengths may be interpreted as an instability of the interfae. Interestingly,
the instability does not our for partiular rystal faets, but rather, for ombinations
of faets and propagation diretions. Whene, apillary waves propagated along the
~v =[001℄ diretion of the (110) plane do not show any sign of instability (see Fig. 4.2
(b)), whereas the [
	
110℄ diretion exhibit the large negative slope that we interpret as a
signature of instability (see Fig. 4.2 (e)).
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One may wonder whether it is possible to get a meaningful value of γ˜(0) for
the 'unstable' orientations. In priniple, the anomalous qdependene of γ˜ makes the
extrapolation meaningless. We have nevertheless tried to extrapolate the data by tting
to Eq. 6.14 the qrange that does not inlude the drop. Suh ts are shown by solid
lines in Fig. 4.2 (e)-(g). Again, the qrange where the t is done is indiated by a
retangle inside eah plot. In this way we get values for γ˜(0) of these orientations, that
are reported in Table 4.7 with an asterisk to indiate that these should be taken with
aution. Although in priniple the meaning of γ˜(0) thus obtained is not lear, we show
in the next setion that they give reasonable values of γ.
Orientation
γ˜(mN ·m−1)
quasi-1D 2D
(100)[001℄ 85±2 85±2
(110)[
	
110℄ 77±2 76±3
(111)[1
	
10℄ 126±3 98±4
(111)[11
	
2℄ 99±2 102±4
(110)[001℄
∗
78±4 80±8
(11
	
2)[1
	
10℄
∗
80±6 85±5
(11
	
2)[111℄
∗
77±4 79±5
Table 4.7. Interfaial stiness for the dierent orientations studied. The stinesses for the
orientations marked with an asterisk,
∗
, are obtained by extrapolating data from an intermediate
q-range.
Sine apillary waves have been shown to be aeted by the dimensionality [26℄ it
is worth performing a omparison between 2D and quasi-1D systems. Both the plots
of Fig.4.2 and the values obtained for the interfaial stiness learly show that both
geometries give the same results within error exept for one ase. This result is somewhat
relieving sine the apillary utuation method has been mainly used with quasi-1D
systems so far (see e. g. Refs. [5, 34, 14, 40, 31℄).
The only exeption to the good aordane between 2D and quasi-1D geometries
is the (111)[1
	
10℄ orientation, whih gives a onsiderable higher value for the quasi-1D
geometry. In order to larify whih of both values is more reliable we make use of the
expressions for the stiness given in Table 4.6. Aording to suh expressions both
the (111)[1
	
10℄ and the (111)[11
	
2℄ orientations should have the same stiness due to
symmetry onsiderations. Our results show that this is true for the 2D but not for the
quasi-1D system, whih leads us to onlude that the reliable value for the (111)[1
	
10℄ is
that given by the 2D geometry.
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Figure 4.2. Stiness as a funtion of wave vetor q for all the orientations studied. Blak irles
orrespond to quasi-1D systems, while red squares orrespond to 2D systems. Solid lines have been
obtained by tting the data inside the boxes to γ˜ = γ0 + aq
2 + bq4. For () the point orresponding to
the smallest wavevetor for the 2D system has not been inluded in the t.
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Although we do not know why the quasi-1D (111)[1
	
10℄ system fails to give the
right value of γ˜, we suspet it may be related with the ability of the solid to rerystallize
with staking faults when the (111) is exposed to the melt. As we show in Ref. [63℄,
the LennardJones system provides similar onlusions to those drawn here for sodium
hloride, i. e., all faes give the same stiness for the quasi-1D and 2D systems exept
the (111). In the LennardJones ase, however, it is the (111)[11
	
2℄ orientation and not
the (111)[1
	
10℄ that gives the anomalous value.
NaCl faets with no even indexes are peuliar, beause the orresponding bulk
rystal arries a net dipole moment perpendiular to the interfae, and, aordingly, a
net surfae harge. Partiularly, the (111) faet onsists of parallel sheets of oppositely
harged ions [64℄. At low temperature, suh arrangement is eletrostatially unstable,
and the equilibrium rystal shape is a ube exhibiting only (100) faets [65℄. It is
thus thought that a rystal when fored to expose the (111) faet undergoes surfae
reonstrution [66, 67℄, and adopts an equilibrium struture with saw teeth shape of
neutral otopolar ells, rather than a at fae of highly harged sheets [68, 69, 65℄. In the
ase of the rystalmelt interfae, the situation might very muh hange, sine the molten
salt is a onduting liquid and ould therefore sreen the harges eetively. In fat,
already polar solvents suh as urea are able to stabilize the (111) fae. This is onluded
from the observation of rystal NaCl grown from solutions, whih spontaneously forms
otahedral (111) rather than ubi (100) rystallites [70℄. In our simulations, we nd
no evidene of unstable (111) faets, but also, from visual inspetion (.f. Fig. 4.4),
no sign of the saw teeth struture. Rather, the rough interfae seems to onsist of a
staking of (111) planes that are ut by the liquid phase. As notied before, this is not
suh a onern for the rystal-melt interfae, sine the stabilization of a highly harged
arrangement of harge may be understood in terms of the GouyChapman model of
eletrostati sreening.
4.4.2 Interfaial Free Energy
One we know γ˜ for all orientations studied we use the expressions given in Table 4.6
to alulate the anisotropy parameters and the orientationaly averaged interfaial free
energy. With these values and using the expressions of Table 4.5 we an obtain γ for all
the studied rystal faes.
To alulate γ we follow the same proedure used in Ref. [17℄ for a Lennard-Jones
system. In that work it is shown that the results obtained by tting the stinesses to
the equations given in Table 4.6 do not depend on whether the expansion is trunated
at ǫ1 or at ǫ2. We use the more general option of letting ǫ2 as a free tting parameter.
To ompute γ we exlude the orientations where the stiness drops for low values of q
as well as the quasi-1D (111)[1
	
10℄ system that, as disussed above, gives a suspiious
value of γ˜. The results thus obtained are shown in the rst row of Table 4.8 (analysis
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Figure 4.3. Interfaial stiness as a funtion of wave vetor q for the (110)[001℄ orientation and
dierent system sizes. Blak irles orrespond to the original quasi-1D system. Green squares:
Lx'=2Lx. Orange triangles: Ly'=2Ly. Blue diamonds: Lz '=2Lz.
Figure 4.4. Snapshot of solid atoms for a onguration of the quasi-1D (111)[1
	
10℄ orientation. Blue
irles represent Na ions, while green ones represent Cl ions. Planar regions of lose paked planes an
be found while no signs of a saw teeth struture are present.
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Analysis γ0 γ100 γ110 γ111 γ112¯
1 89±6 89±6 89±6 88±6
2 85±9 85±9 85±9 84±9 85±9
Table 4.8. Interfaial free energy, in mN·m−1, for several rystal faes obtained from two dierent
analyses. Analysis 1 inludes only the stable orientations. Analysis 2 inludes all orientations exept
quasi-1D (111)[1
	
10℄.
1). The orientationaly averaged interfaial free energy, γ0, is 89 ± 6 mN·m−1.
Our value for γ0 lies between the 80 and 100 mN·m−1 obtained for ubi and
spherial lusters respetively in an earlier study of nuleation free energy barriers [19℄.
A primitive version of the Tosi-Fumi model (laking of the r−6 and r−8 terms) was used
in 1998 to estimate γ through a Classial Nuleation Theory analysis of the freezing
rate of NaCl lusters in vauum [71℄. The estimated γ for temperatures lose to 500
K was around 120 mN/m, not too far from the value obtained in this work and in
Ref. [19℄. Very little experimental work has been done so far to determine γ for NaCl,
partly due to the extreme thermodynami onditions at whih experiments have to be
done. In fat, to the best of our knowledge, the only experimental data available are
those of Bukle and Ubbelohde [72, 73, 74℄ who studied homogeneous rystal nuleation
in molten NaCl at 905 K. An analysis based on Classial Nuleation Theory of their
nuleation data yields a γ of 84 mN·m−1 for spherial lusters, whih is quite lose to
the predition we give in this paper for the Tosi-Fumi model. The value of 36 mN/m
reported in Refs. [20, 21℄ is then at odds with our and with previous simulations [19, 71℄
and with experiments [72, 73, 74℄. We think that the problem with the alulations
performed in Refs. [20, 21℄ might be related to the fat that Young's equation an not
be safely applied to mirosopi droplets due urvature and line tension eets [75, 76℄.
In Table 4.8 we also report the obtained value of γ for the dierent rystal planes
we have studied. Unfortunately, our alulations are not aurate enough to resolve the
anisotropy of γ with the orientation of the rystal.
The results reported in the rst row of Table 4.8 exlude unstable orientations
from the alulation of γ. When suh orientations are inluded we obtain the results
reported in the bottom row of Table 4.8 (analysis 2). The results are in good agreement
with our previous analysis. The unertainty in the data orresponding to this seond
analysis is even higher, preventing us again from determining if γ depends on the rystal
orientation. In any ase the good agreement between both analyses suggests that it is
possible to obtain meaningful values of γ˜ for the unstable orientations by restriting the
analysis to the intermediate q regime where the expeted γ˜(q) dependene given by Eq.
6.14 holds.
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4.5 Conlusions and outlook
In this work we study the solid-liquid interfae of sodium hloride using the Tosi-Fumi
model for alkali halides. We alulate the spetrum of apillary waves under oexistene
onditions for dierent rystal planes and wave propagation diretions and use apillary
wave theory to obtain an average value for the interfaial free energy of γ = 89± 6
mN·m−1. This result is in very good agreement with estimates obtained from the al-
ulation of nuleation free energy barriers ombined with Classial Nuleation Theory
[19, 38℄. However, it lashes with the 36 mN·m−1 estimated by measuring the ontat
angle of a liquid drop on top of a rystal surfae [20℄. We believe the problem of Ref.
[20℄ is that the determination of ontat angles for mirosopi droplets is aeted by
the urvature of the droplet and by the eet of line tensions [76℄.
Interestingly, some of the orientations present a drop in the stiness for small
wavevetors, suggesting that these are unstable. Meaningful stinesses an be obtained
from unstable orientations by restriting the analysis to an intermediate q regime where
the system behaves as predited by apillary wave theory.
We also ompare square and thin retangular interfaes and obtain the same results
for all orientations exept for one propagation diretion of the 111 plane, where the
elongated interfae gives a stiness 25 perent higher.
More work is needed to understand both the disrepany between elongated and
square interfaes for the 111 fae and the origin and onsequenes of the anomalous
dependene of the stiness with the wave-vetor observed for some orientations. It
would also be worth to work in improving the auray of the method so that the
anisotropy of γ an be resolved.
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5.1 Abstrat
In this work we study the ie-water interfae under oexistene onditions by means of
moleular simulations using the TIP4P/2005 water model. Following the methodology
proposed by Hoyt and o-workers [J. J. Hoyt, M. Asta and A. Karma, Phys. Rev.
Lett., 86, 5530, (2001)℄ we measure the interfaial free energy of ie with liquid water
by analysing the spetrum of apillary utuations of the interfae. We get an orien-
tationally averaged interfaial free energy of 27(2) mN/m, in good agreement with a
reent estimate obtained from simulation data of the size of ritial lusters [E. Sanz,
C. Vega, J. R. Espinosa, R. Caballero-Bernal, J. L. F. Abasal and C. Valeriani, JACS,
135, 15008, (2013)℄. We also estimate the interfaial free energy of dierent planes and
obtain 27(2), 28(2) and 28(2) mN/m for the basal, the primary prismati and the se-
ondary prismati planes respetively. Finally, we inspet the struture of the interfae
and nd that its thikness is of approximately 4-5 moleular diameters. Moreover, we
nd that when the basal plane is exposed to the uid the interfae alternates regions of
ubi ie with regions of hexagonal ie.
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5.2 Introdution
The interfaial free energy between ie and water, γiw, is a ruial parameter in ie
nuleation and growth [1, 2℄. Despite its importane, there is not yet a well established
experimental value for γiw. The spread of experimental data for γiw, ranging from 25
to 35 mN/m [1℄, sharply ontrasts with the auray with whih the interfaial free
energy of the liquid-vapour interfae is known [3℄. Unfortunately, there is no aurate
experimental tehnique for the determination of the rystal-melt interfaial free energy.
In order to aid experimentalists in nding a denite value for γiw, guidane from
omputer simulation is highly valuable. However, there are not many studies devoted to
the estimation of γiw from simulations. Reently, γiw has been alulated for a series of
water models with [4℄ and without [5℄ taking full eletrostati interations into aount.
In these works, a variant of the leaving method [6℄ was used to ompute γiw and the
studied models were TIP4P, TIP4P-Ew and TIP5P-E.
There are numerous water models urrently available in the literature with whih
dierent preditions of the behaviour of real water an be made. In a reent work,
Abasal and Vega have ompared the ability of many dierent rigid, non-polarizable
models to predit a omprehensive set of real water properties. The TIP4P/2005 model
[7℄ turned out to be the one that does the best job in the overall desription of the
behaviour of real water [8℄. Therefore, estimating γiw for suh model would be highly
relevant.
In a reent publiation by some of the authors of this work, γiw was estimated
for the TIP4P/2005 model [9℄ with a 'seeding' method originally used by Bai and Li
to study the rystal-melt interfae of the the Lennard-Jones system [10℄. This method
onsists in measuring the ritial size of rystalline lusters and then obtaining γiw
from Classial Nuleation Theory [11, 12℄. Therefore, this method provides an indiret
estimate of γiw. Moreover, the method by Bai and Li does not provide information
about the dependeny of γiw with the orientation of the rystal, sine an orientationally
averaged γiw is obtained.
In this paper we evaluate γiw for the TIP4P/2005 model by means of the Capillary
Flutuation Method [13℄. This method has been used, for instane, for the alulation
of the interfaial free energy of hard spheres [14℄, the Lennard-Jones potential [15℄ and
dipolar uids [16℄. Here we evaluate γiw for the TIP4P/2005 model for the basal,
prismati I and prismati II planes of ie. We nd an average value of γiw of 27(2)
mN/m and a small anisotropy between dierent orientations. Finally, we inspet the
struture of the interfae. We estimate the thikness of the interfae to be of about 4-5
moleular diameters. Moreover, we nd that when the basal plane is exposed to the
liquid the interfae develops alternating hexagonal and ubi ie regions.
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Figure 5.1. Snapshot of a typial onguration. Only oxygen atoms are shown. Partiles are
oloured in orange if they have a solid-like loal environment and in blue otherwise. The edges of the
simulation box and the vetors that dene the orientation of the rystal and the propagation diretion
of apillary waves are shown in the gure.
5.3 Methods
We use the Capillary Flutuation Method [13℄ to ompute the interfaial free energy.
The method onsists in measuring γiw by analysing the prole of the interfae between
ie and water under oexistene onditions. For the TIP4P/2005 model the interfae
between ie and water is rough, as an be seen in Fig. 5.1, where partiles in the ie
phase are shown in orange and partiles in the liquid phase are shown in blue. Partiles
are labelled as ie or liquid-like based on loal bond order parameters [17, 18℄. By
knowing whih partiles belong to eah phase, one an establish a disretized interfae
prole along the x diretion, h(xn) (in Ref. [18℄ a detailed explanation of the way we
establish h(xn) is given). Then, h(xn) is Fourier-transformed,
hq =
1
N
N∑
n=1
h(xn)e
iqxn, (5.1)
and an amplitude, hq, is obtained for eah wave vetor, q, where q is a multiple of 2π/Lx.
Small q vetors orrespond to wave modes with a large wave length and vie-versa. In
the equation above N is the number of disretization points along the Lx side of the
simulation box.
Through the equipartition theorem, Capillary Wave Theory provides the following
relation between hq and the interfaial stiness, γ˜ [19, 20, 21, 22℄:〈|hq|2〉 = kBT
Aγ˜q2
(5.2)
where A = Lx ·Ly is the interfaial area, (see Fig. 5.1). The alulated stiness depends
on the rystal plane that is exposed to the uid and on the diretion along whih the
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Figure 5.2. Snapshot of a onguration of an ie slab in equilibrium with liquid water. h(xn) is the
interfaial height, ~u is the vetor perpendiular to the average interfae position, ~u′ is the vetor
perpendiular to the instantaneous interfae and θ is the angle between ~u and ~u′.
wave propagates. The exposed rystal plane is perpendiular to the vetor ~u in Fig.
5.1 and it is identied by its Miller indies. The diretion of propagation of the wave
is perpendiular to both ~u and ~n and it is speied by the Miller indies of the plane
perpendiular to ~n. Hene, γ˜ ≡ γ˜(~u, ~n).
One the stiness is known, we use the relation [19℄:
γ˜(~u, ~n) =
(
γ(θ) +
d2γ(θ)
dθ2
)
θ=0
(5.3)
to obtain the interfaial free energy. In the above expression θ is the angle between
the average planar interfae dened by ~u and the vetor normal to the instantaneous
interfae
~u′. The denition of θ is skethed in Fig. 5.2.
Obtaining γ from Eq. 5.3 requires rst dening the dependene of the interfaial
free energy with the orientation of the rystal, γ(~u). Sine the point group of hexagonal
ie is 6/mmm, the orientation dependene of γ(~u) an be written as an expansion in
terms of Spherial Harmonis [23℄:
γ(~u)/γ0 ≈1 + ǫ1y20(α, β) + ǫ2y40(α, β)
+ ǫ3y60(α, β) + ǫ4y66(α, β) + ...
(5.4)
where γ0 is the interfaial free energy averaged over all orientations, α and β are the
spherial angles dening a given plane (see Fig. 5.3) and ǫk are the anisotropy param-
eters. The funtions ylm(α, β) are the normalized spherial harmonis, and they are
provided in Table 5.1. In Table 5.2, Eq. 5.4 is expressed for the partiular ase of the
three orientations of ie-Ih we put in ontat with liquid water in this work.
By taking the seond derivative of Eq. 5.4 with respet to θ and plugging the
result into Eq. 5.3 an expansion of γ˜ is obtained. Suh expansion is given in Table
5.3 for all the orientations studied in this work. The equations in Table 5.3 ombined
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y20(α, β) =
√
5/16π [3cos2(α)− 1]
y40(α, β) =
3
16
√
1/π [35cos4(α)− 30cos2(α) + 3]
y60(α, β) =
1
32
√
13/π [231cos6(α)− 315cos4(α) + 105cos2(α)− 5]
y66(α, β) =
1
64
√
6006/π [1− cos2(α)]3 cos(6β)
Table 5.1. Expressions for the normalized spherial harmonis used in Eq.5.4.
Interfaial plane γ(~u)/γ0
(0001) 1 + 1
2
√
5/πǫ1 +
3
2
√
1/πǫ2 +
1
2
√
13/πǫ3
(10
	
10) 1− 1
4
√
5/πǫ1 +
9
16
√
1/πǫ2 − 532
√
13/πǫ3 − 164
√
6006/πǫ4
(11
	
20) 1− 1
4
√
5/πǫ1 +
9
16
√
1/πǫ2 − 532
√
13/πǫ3 +
1
64
√
6006/πǫ4
Table 5.2. Interfaial free energy expansion in terms of spherial harmonis for the dierent
rystallographi planes studied in this work. (0001) orresponds to the basal plane, (10
	
10) to the
primary prismati and (11
	
20) to the seondary prismati.
with the simulation results for γ˜ allow for the alulation of ǫk and γ0. With these, the
interfaial free energy is obtained with the equations provided in Table 5.2.
In summary, we simulate the interfae under oexistene onditions and obtain an
average amplitude, hq, for eah wave vetor, q, via Eq. 5.1 by dening an interfaial
prole, h(xn), for many independent ongurations. Then, γ˜(q) is obtained by means
of Eq. 5.2. One γ˜ has been alulated for dierent orientations we solve the system of
equations given in Table 5.3 to obtain γ0 and the anisotropy parameters ǫk. Finally, we
use the alulated γ0 and ǫk to obtain the interfaial free energy of eah plane via the
expressions given in Table 5.2.
~u ~n γ˜(~u, ~n)/γ0
0001 11
	
20 1−
√
5/πǫ1 − 272
√
1/πǫ2 − 10
√
13/πǫ3
10
	
10 11
	
20 1 + 5
4
√
5/πǫ1 − 17116
√
1/πǫ2 +
205
32
√
13/πǫ3 +
5
64
√
6006/πǫ4
10
	
10 0001 1− 1
4
√
5/πǫ1 +
9
16
√
1/πǫ2 − 532
√
13/πǫ3 +
35
64
√
6006/πǫ4
11
	
20 10
	
10 1 + 5
4
√
5/πǫ1 − 17116
√
1/πǫ2 +
205
32
√
13/πǫ3 − 564
√
6006/πǫ4
11
	
20 0001 1− 1
4
√
5/πǫ1 +
9
16
√
1/πǫ2 − 532
√
13/πǫ3 − 3564
√
6006/πǫ4
Table 5.3. Expansions for the stiness for the dierent orientations studied.
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Figure 5.3. Hexagonal referene system for the ie Ih struture. The vetor ~u determines the
rystallographi plane exposed at the interfae and it is haraterized by the angles α and β.
5.3.1 Simulation details
To simulate our system we have employed the Moleular Dynamis pakage GROMACS
[24, 25℄. Prodution runs for a total time of ∼ 0.5µs were arried out in the NVT
ensemble with the time step for the Veloity-Verlet integrator xed to 0.003 ps, and
snapshots were saved every 75 ps. The temperature was set to 248.5 K (lose to the
reported melting temperature of the model [7℄) and the density was xed lose to an
average value between the oexistene densities at 1 bar of liquid water and ie-Ih.
At these thermodynami onditions the interfae utuates but the relative ie/water
amount stays onstant throughout the simulation. To x the temperature we employed
a veloity-resale thermostat [26℄ with a relaxation time of 2 ps.
Orientation LxxLyxLz(nm
3) Moleules
(Basal)[pII℄ 18.7696x1.8039x9.3319 10112
(pI)[Basal℄ 18.0134x2.1991x8.0808 10240
(pI)[pII℄ 17.6430x2.3491x7.8227 10368
(pII)[Basal℄ 17.9927x2.2047x8.3875 10670
(pII)[pI℄ 18.3690x1.8037x8.3928 8896
Table 5.4. System size for all ie-water orientations studied in this work.
An initial onguration in whih water and ie oexist at 1 bar is prepared as
desribed in Ref. [18℄. The Lx and Ly axis of the simulation box are arefully hosen
to avoid any stress in the rystal lattie [18, 27℄. The size and rystal orientation of
the simulated systems are summarized in Table 6.1. The box geometry with a long
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Figure 5.4. Plots of ln[< |hq|2 > A/(kBT )] vs ln(q) for all ie-water orientations studied in this work.
< |hq|2 > A/(kBT ) is given in m3/N and q is given in m−1. Symbols are our simulation data and
straight lines are linear ts of slope minus 2 to the low-q data. The interept of suh ts is − ln(γ˜).
x axis (see Fig. 5.1) allows for the study of long wave-length apillary waves without
having a prohibitively large number of moleules in the system. Moreover, it allows to
easily ontrol the diretion of wave propagation. It has been shown that the hosen box
geometry with a large Lx/Ly ratio gives the same stiness as boxes with Lx/Ly lose to
1 [18, 28℄.
5.4 Results
5.4.1 Stiness
By simulating the interfae for a long time (∼ 0.5 µs) we gather thousands of ong-
urations and obtain interfaial proles, h(xn), for eah of the two ie-water interfaes
present in the simulation box. Then we Fourier-transform eah h(xn) (Eq. 5.1) to ob-
tain estimates of |hq|2, whih we average to get < |hq|2 >. For a rough interfae, by
representing ln[< |hq|2 > A/(kBT )] vs ln(q) we should obtain, in the q regime where Eq.
5.2 holds, a straight line of slope minus 2 and interept − ln(γ˜). Suh plots are shown in
Fig. 5.4 for all orientations studied in this work. Symbols orrespond to our simulation
data and straight lines to a linear t with slope minus 2 to the low-q points. As expeted
from Eq. 5.2 the t desribes quite well our data, at least for the low-q regime, allowing
us to get γ˜ from the interept. The values of γ˜ thus obtained are reported in Table 5.5.
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Crystal Orientation γ˜iw(mN/m)
(Basal)[pII℄ 29.8
(pI)[Basal℄ 28.1
(pI)[pII℄ 28.1
(pII)[Basal℄ 24.7
(pII)[pI℄ 25.1
Table 5.5. Stiness of all ie-water orientations studied in this work.
Notie that the very good t of the apillary wave spetrum to Eq. 5.2 indiates
that all three rystal faes studied are rough. This observation is further onrmed by
visual inspetion of snapshots, as an be seen in Figs. 5.1 and 5.2. Experimental studies
on the other hand indiate that ie rystals in oexistene with water at about the
triple point have a faeted basal plane, and a ompletely irular perimeter [29℄. Suh
observation is ompatible with prismati planes whih are rough, but indiate a basal
plane that is below the roughening transition even at the triple point. Even though
the experiments of Ref. [29℄ suggest that the basal plane is not rough, at least for the
lengthsales aessible to our simulations the basal plane shows a rough harater that
enables the alulation of its stiness and its interfaial free energy by means of the
Capillary Flutuation Method.
5.4.2 Interfaial free energy
One the stiness is known for a set of dierent orientations, we an obtain the interfaial
free energy by solving the system of equations given in Table 5.3 and working out the
anisotropy parameters, ǫk, and the orientationally averaged γ, γ0. With ǫk and γ0 one
an obtain the interfaial free energy for eah rystal plane via the expressions given
in Table 5.2. Unfortunately, the equations of Table III are not linearly independent,
and it is not possible to obtain all 4 anisotropy parameters plus γ0. In Ref. [30℄ Sun
et al. dealt with a similar problem in their study of the rystal/melt interfae of Mg,
whih also exhibits a rystal struture with hexagonal point group symmetry. In this
study, it was notied that some of the ǫk hardly ontributed to the anisotropy, and
ould be safely set equal to 0, suh that the stiness data ould be aurately tted
with the remaining ǫk. Speially, it was shown that ǫ1 was neessary to obtain an
aurate t and that the anisotropy parameter ǫ4 was neessary to resolve the anisotropy.
The other two anisotropy parameters, ǫ2 and ǫ3, were made equal to zero. Despite
the rather dierent substane studied, our data are ompletely onsistent with this
observation, and we have therefore followed the same approah. With this strategy,
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Crystal Orientation TIP4P/2005 TIP4P TIP4P-Ew
Basal 27(2) 24.5(6) 25.5(7)
Prismati I 28(2) 27.6(7) 28.9(8)
Prismati II 28(2) 27.5(7) 28.3(7)
Table 5.6. Interfaial free energy of the ie-water interfae, in mN/m, for dierent rystal
orientations and water models. Values for the TIP4P and TIP4P-Ew have been taken from Ref. [4℄.
we obtain an orientationally averaged interfaial free energy for the TIP4P/2005 model
of γ0 = 27(2)mN/m. This is in good agreement with the value of γ0 = 29(3)mN/m
reently estimated from measurements of the ritial nuleus size for the same model
[9℄. It is also similar to the value of γ0 obtained for other water models in Ref. [4℄. In
fat, an average of the γiw alulated for dierent planes in Ref. [4℄ gives 26.5 mN/m
for the TIP4P model and 27.5 mN/m for the TIP4P-Ew. The omparison with the
experiment is not so straightforward as there is not a denite experimental value for
γ0. There are published values ranging from 25 to 35 mN/m [1, 31℄. The only thing
we an say is that the value we get for the TIP4P/2005 model is at least within the
range of the reported experimental values. We have also alulated the interfaial free
energy of the dierent planes and show the results in Table 5.6. We observe a small
anisotropy between dierent planes. It seems that the basal plane has the smallest
interfaial free energy. However, the unertainty of our alulations does not allow us
onluding anything denite in this respet. In Table 5.6 we also ompare our results
with those obtained in Ref. [4℄ for the TIP4P and TIP4P-Ew models. The similarity
between all TIP4P family models is quite strong and, within the error bar, all models
give the same interfaial free energy.
5.4.3 Interfae struture
Density prole
In order to analyze the struture of the interfae we measure the density prole along
the z diretion, perpendiular to the interfae. Suh a study must be taken with some
aution, however. The width of the interfae has an intrinsi ontribution, that is har-
ateristi of the substane studied, but also shows an additional apillary wave term,
that depends logarithmially on the interfae area.[32, 33, 34, 35℄ For that reason, av-
erage proles extrated from a simulation are not stritly intrinsi properties of the
substane, but also depend on the system dimensions. Sine the apillary roughening
shows a logarithmi dependene on the lateral dimensions, however, the orretion to
the intrinsi ontribution that is typial in a nite simulation box is quite small. Be as
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it may, the results that are obtained set an upper bound for the intrinsi ontribution.
Furthermore, sine all faes studied have a rather similar lateral dimension, the ompar-
ison between dierent rystal orientations also remains meaningful despite the apillary
wave roughening.
In Fig. 5.5 the density is plotted along the z diretion for four dierent orientations
orresponding to the basal plane and to both prismati planes. As a onsequene of the
geometry of our simulations (see Fig. 5.1) two interfaes an be observed for eah system.
To obtain these density proles we use bins of 0.05 σ and average over a time gap of ∼
35 ns. Using a small bin width allows us to observe the dierent rystal layers along the
system. The horizontal dotted-dashed lines in Fig. 5.5 orrespond to the average bulk
density of the uid phase. As it should be, the density given by the prole oinides
with the bulk density in the middle of the phase. Proles given in Figs. 5.5 () and (d)
orrespond to two dierent wave propagation diretions for the same interfaial plane
(the primary prismati plane). As expeted, both density proles are equivalent. Note
that the prole orresponding to the basal plane (Fig. 5.5 (a)) shows the twin peaks
harateristi of hexagonal planes.
The measure of the thikness of the interfae is a somewhat arbitrary task sine
one has to establish a riterion to loate the interfae borders. In order to determine
these borders we onsider that the interfae begins when a density peak does not reah
the 90% of the average peak height in the middle of the rystal slab, and that it ends
when the density prole beomes at. We show the interfaial borders thus obtained as
dashed vertial lines in Fig. 5.5. We obtain an interfaial width of about 4-5 moleular
diameters for all studied planes. These values are similar, but somewhat larger than
the ∼ 3 moleular diameters reported in Ref. [36℄ for another TIP4P family model (the
TIP4P) and a dierent system size.
Hexagonal versus ubi ie
As previously mentioned, in order to get an interfae prole, h(xn), we rst need to
identify the moleules belonging to the ie phase. This is done by means of the q¯l
order parameter proposed by Lehner and Dellago [17℄. The order parameter is a salar
number that is assigned to eah moleule aording to the degree of orientational order
in its loal environment. In Fig. 5.6 we plot q¯6 versus q¯4 for 3600 bulk moleules of
liquid water (magenta), of ie-Ih (yan) and of ie-I (orange). Clearly, q¯6 is a good
parameter to distinguish the uid from either ie polymorph. The q¯6 threshold we use
for that purpose is q¯6,t = 0.34 (horizontal dashed line in Fig. 5.6). Thus, if a partile
has a q¯6 value larger than q¯6,t it is labelled as solid-like, and vie-versa. As it an be seen
in Fig. 5.6, moleules belonging to ie-Ih and ie-I polymorphs an be distinguished
with the q¯4 order parameter with a threshold of q¯4,t = 0.41 (vertial dashed-dotted line
in Fig. 5.6).
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Figure 5.5. Density prole along the z diretion (perpendiular to the interfae) for four dierent
orientations: (a) (Basal)[pII℄; (b) (pII)[basal℄; () (pI)[basal℄; and (d) (pI)[pII℄. We alulate density
proles with slabs of thikness 0.05σ. Horizontal dotted-dashed lines orrespond to the average bulk
density of the uid phase. Vertial dashed lines orrespond to the approximate loation of the
interfae borders.
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Figure 5.6. Values of the q¯6 versus the q¯4 order parameter [17℄ for 3600 moleules of the bulk liquid
(magenta), ie Ih (yan), and ie I (orange) phases equilibrated under oexistene onditions (1 bar
and 250 K). A ut-o distane of 3.5 Åwas used to alulate the order parameter. The dashed blak
line represents the threshold used to distinguish solid from liquid-like partiles q¯6,t = 0.34 and the
dashed-dotted red line represents the threshold to disriminate between ie I and ie Ih q¯4,t = 0.41.
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Initially, the system is prepared by putting an ie-Ih slab in ontat with liquid
water. Therefore, by analysing the q¯6 − q¯4 map of the initial onguration one would
obtain points in the region of the pink and the yan louds of Fig. 5.6. At the end
of the simulations all orientations where a prismati plane is exposed only show these
two louds of points (see Fig. 5.7 a-d). Therefore, there is only liquid and ie Ih at
the end of these simulations. However, the simulation where the basal plane is exposed
to the liquid shows an extra loud of points in the area orresponding to ie-I (Fig.
5.7 e). This suggests that some moleules with ie-I environment appear along the
ourse of the simulation. To know where these moleules are loated we plot in Fig.
5.8 ie moleules with q¯4,t < 0.41 in blue (ie Ih) and with q¯4,t > 0.41 in red (ie I).
Clearly, thin ie-I layers have developed on some regions of the ie-water interfae.
In Ref. [18℄ we show that the relaxation of rystal-uid apillary waves is due to the
ontinuous rerystallization and melting taking plae at the interfae. This relaxation
mehanism allows for the epitaxial growth of ie I on top of the underlying ie Ih. The
rerystallization/melting relaxation mehanism also explains our observation that the
interfaial regions ontaining ie Ih and ie I dynamially hange along the ourse of
the simulation. The reason why this strutural transformation is only present when the
basal plane is exposed is that hexagonal and ubi ie dier in their staking sequene
along the diretion perpendiular to the basal plane (Ie I staking is diamond-like,
A,B,C,A,B,C,... whereas ie Ih is wurtzite-like, A,B,A,B,...). Therefore, when the basal
plane is exposed an I-staking an grow on top of ie Ih, but the same is not true
for the prismati planes. By analysing a set of over 300 ongurations with the basal
plane exposed we observe that about 60 % of the ie in ontat with water is I and the
other 40 % is ie Ih. This is not altogether unexpeted, sine, at least for the TIP4P
models, the free energy of ie I is very similar to that of ie Ih [37℄. Aordingly,
growth of regions of ie I with a negligible bulk free energy penalty an be realized if
the orresponding surfae free energy of the newly formed Ih-I and I-water interfaes
is omparable to that of the bare Ih-water interfae. The phenomenon above desribed
resembles preferential adsorption of a metastable phase, well known in a variety of
systems,[38, 39℄ as well as in the ie-vapour interfae, whih is mediated by a thin water
layer [40, 41, 42℄. However, in the ase here studied ie-I does not fully over the
interfae but dynamially oexists at the interfae with ie-Ih.
Therefore, our simulations predit that both ie polymorphs live together in the
interfae at equilibrium. This is not the only situation in whih hexagonal and ubi ie
an be found in lose ontat: there is ompelling experimental and simulation evidene
that ie grows with a mixed I-Ih staking from superooled water [43, 44, 45, 46, 47℄
or from vapour deposition [48℄.
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Figure 5.7. q¯6 − q¯4 maps for the last onguration of eah of the systems studied. When the basal
plane is exposed, panel (e), a loud of points at high q¯4 orresponding to ie-I emerges.
Figure 5.8. Oxygens of the moleules in the ie slab for the system in whih the basal plane is
exposed to the liquid. Blue: oxygen atoms with ie-Ih environment. Red: oxygen atoms with ie I
environment.
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5.5 Conlusions and outlook
In this work we use the TIP4P/2005 water model to study the ie-water interfae by
means of omputer simulations. We simulate the ie-water interfae under oexistene
onditions and evaluate the interfaial stiness and the interfaial free energy by mea-
suring the spetrum of apillary utuations. We study dierent rystal orientations
and wave propagation diretions. The preditions we get from the TIP4P/2005 model
are the following:
• The orientationally averaged interfaial free energy is 27(2) mN/m, in fair agree-
ment with that obtained by analysing, for the same model, the size of ritial
ie nulei with Classial Nuleation Theory [9℄. Our value is also similar to that
obtained for other TIP4P family models by means of a leaving methodology [4℄
and is onsistent with experimental estimates of the interfaial free energy that
range from 25 to 35 mN/m [1℄.
• We obtain an interfaial free energy of 27(2), 28(2), and 28(2) mN/m for the basal,
primary prismati and seondary prismati planes respetively. The auray of
our alulations is not enough to establish denite onlusions about the anisotropy
of the interfaial free energy, but our results suggest, in aordane with preditions
for other TIP4P family models [4℄, that the basal plane has the lowest free energy.
• By measuring the density along the diretion perpendiular to the interfae we
estimate an upper bound for the width of the ie-water interfae of ∼ 4-5 mole-
ular diameters, in fair agreement with the 3 moleular diameters obtained for the
TIP4P model [36℄.
• The ie-water interfae for the basal plane shows alternating ie-Ih/ie-I regions.
These hange dynamially due to apillary utuations.
In a future, it would be useful to explore how to improve the auray of the
present methodology in order to apture the small anisotropy of the ie-water interfaial
free energy. Moreover, the study of other water models ould improve our understanding
on the ie-water interfae. Of partiular interest is perhaps the TIP4P/ICE model [49℄,
whose melting properties are lose to those of real water. However, we do not expet
large dierenes with the values reported here for the TIP4P/2005 given the similarity
between all TIP4P family models studied so far (TIP4P, TIP4P-Ew and TIP4P/2005).
On the other hand, it would be interesting to pursue a more quantitative analysis of
the oexistene of ubi and hexagonal ie pathes at the ie-water interfae, like, e.g.,
a haraterization of the typial size and relaxation times of suh regions.
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Appendix A: Alternative Analysis
The aim of this appendix, not inluded in the original publiation, is to evaluate the
inuene of the way of obtaining the thermodynami limit of the interfaial stiness.
As seen in Chapter 3 there exist two dierent methods to ahieve this. The rst
one, whih is referred as method 1 onsists in tting the data to the expression given
by the apillary wave theory
γ˜(q) = γ˜0 + bq
2 + cq4 (5.5)
and has been employed in several works [50, 51℄. The seond one, whih is referred as
method 2, provides the thermodynami limit of the interfaial stiness by looking for
the regime where the stiness is independent of the wavevetor. Suh regime an be
found from Eq. 5.2 by rearranging it and taking logarithms:
ln
A
〈|h2q|〉
kBT
= − ln γ˜ − 2 ln q (5.6)
Thus, by plotting ln(A < |hq|2 > /(kBT )) vs ln q we should obtain, at least in the low q
regime, a region where the data an be tted to straight line of slope -2. The interept
of suh line is − ln(γ˜). This method has also been widely used [52, 28, 53℄.
In the main text we have employed method 2 to obtain the thermodynami limit
of the interfaial stiness. In this appendix we employ method 1 to ompare the re-
sults obtained for both the stiness and the interfaial free energy by the two dierent
methods.
In Fig. 6.10 we plot γ˜(q) vs q for all the orientations studied in this work, and t
our data to Eq. 5.5. To make this t we only use the points whih are inside the boxes.
The results thus obtained for the interfaial stiness are shown in Table 5.7, where they
are ompared with those obtained by method 2. As it an be seen method 1 provides
results wih are systematially lower than those obtained by method 2.
One we have obtained the interfaial stinesses we follow the same proedure of
the main text to evaluate the interfaial free energies. The results are shown in Table
5.8 where they are ompared with those obtained by method 2.
As expeted from the stinesses values obtained, method 1 gives also lower values
for the average value of γ0 as well as for γ of eah of the individual rystallographi
planes.
This behaviour was already explained in Chapter 3 where it is notied that draw-
bak of method 2 is that it looks for a region where γ˜ is independent of the wavevetor,
whih is hardly aessible in simulations.
In spite of this, the results obtained by the two dierent methods are fully on-
sistent, as they lie in the range of error and provide the same order of energies for the
dierent planes.
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Figure 5.9. Plots of the stiness vs q for all iewater orientations studied in this work. Symbols are
our simulation data and lines are linear ts of the points inside the box to Eq. 5.5.
Orientation
γ˜/mN·m−1
Method 1 Method 2
(Basal)[pII℄ 28.4 29.8
(pI)[Basal℄ 25.6 28.1
(pI)[pII℄ 27.0 28.1
(pII)[Basal℄ 22.8 24.7
(pII)[pI℄ 24.8 25.1
Table 5.7. Stiness of all orientations as obtained by the two dierent methods.
Crystal plane
γ/mN·m−1
Method 1 Method 2
γ0 26(2) 27(2)
Basal 25(2) 27(2)
Prismati I 26(2) 28(2)
Prismati II 26(2) 28(2)
Table 5.8. Interfaial free energies as obtained by the two dierent methods.
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Struture and utuations of the
premelted liquid lm of ie at the
triple point
Jorge Benet, Eduardo Sanz and Luis G. MaDowell
Departamento de Químia Físia, Faultad de Cienias Químias, Universidad Com-
plutense de Madrid, 28040 Madrid, Spain
6.1 Abstrat
In this paper we study the struture of the ie/vapor interfae in the neighborhood of
the triple point. Our results indiate that the bulk solid and vapor phases are separated
by a thin premelted lm of water. We have studied the utuations of the ie/lm
and lm/vapor surfaes that separate the liquid lm from the oexisting bulk phases
at basal, primary prismati and seondary prismati planes. At large lengthsales, the
omplex ie/vapor interfae behaves as a orrelated ompound system with i) a mean
surfae exhibiting roughness for all lengthsales studied, with utuations that are lose
but somewhat larger than the sum of the ie/water and water/vapor stiness. ii) a
thin adsorbed lm of nite roughness that utuates on top of it. For small lengthsales
below 4.2 nm, on the ontrary, the ie/lm and lm/vapor surfaes behave very muh like
independent ie/water and water/vapor interfaes. Our results allow for a quantitative
haraterization of the extent to whih the adsorbed quasi-liquid layer behaves as water,
and explains reent experimental observations whih have revealed the same ativation
energies for rystals grown in bulk vapor or bulk water.
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6.2 Introdution
Snowakes oer the opportunity to observe the beautiful struture of ie mirorystals.[1℄
The striking symmetry that is revealed, is related to the stability of well dened rystal
faets, whih interset at the edges making well dened angles.[2℄ As temperature is
inreased, some rystal faets altogether disappear, while the edges and sides gradually
blur and eventually beome rounded.
Whereas ie rystals in snowakes grow under kineti ontrol,[1℄ the proess de-
sribed is an illustration of a thermodynami surfae phase transition.[3, 4, 5, 6, 7, 8℄
These transitions, whih are best haraterized for independent well dened faets at
equilibrium, determine overall the equilibrium rystal shape of a rystalline solid.[9, 10,
11℄
In surfae physis there are two main types of phase transitions, roughening and
surfae melting, that have been haraterized on the basis of well understood solvable
models.[4, 5, 6, 7, 8℄
The roughening transition haraterizes the thermal disorder that ours on faets
of a two phase system well away from the triple point. This transition separate smooth
faets, with a low number density of defets, and small nite perpendiular utuations,
from rough surfaes, exhibiting a large number of defets and diverging height utua-
tions that do not dier at a oarse sale from those found in uid-uid interfaes. It is
believed that when the orrelation length of parallel height utuations beomes larger
than the size of the rystal, the faet disappears and beomes round.
Surfae melting haraterizes a dierent type of transition that involves three,
rather than two phases. It ours as the rystal is heated lose to a triple point. In
suh ases, it is often found that the metastable phase that is approahed from below
builds a small surfae layer, of nite thikness. This proess is known as premelting.
Surfae melting ours in those other instanes where the thikness of the premelting
layer diverges as the triple point is approahed, very muh as in a wetting transition.
Unfortunately, the relation of premelting with the orresponding equilibrium rystal
shape remains unlear, and it is a matter of onern whether the premelting transition
ould round o the edges of a rystal shape as in roughening.[12℄
Whereas these two prototypial transitions serve as benhmark to assess surfae
indued disorder in real systems, they may be well insuient to desribe the variety of
omplex surfae phenomena that are found in real substanes. In the ase of a rough-
ening transition, for example, one sometimes nds roughening an our on surfaes
whih preserve the rystalline struture (the vertial displaements remain ongruent
with the lattie spaing), as in surfaes of Niquel,[13℄ while other reports refer to a sur-
fae disordering transition with omplete loss of the translational order on the surfae,
as in gold.[14℄ Already for suh simple atomi rystals, it is possible to nd surfaes
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that neither premelt, nor roughen, that roughen without premelting, or exhibit both
roughening and premelting before the triple point is reahed.[15℄
Given this variety of surfae phenomena, it is not unexpeted to nd how diult
and ontroversial is the haraterization of equilibrium surfae properties in suh a
ommon and important moleular rystal as ie.[16, 17, 18, 19, 20, 12, 21℄
There is urrently ample experimental evidene indiating that the ie/vapor rys-
tal surfae exhibits premelting at both the basal and prismati planes lose to the triple
point.[19, 20, 12, 21℄ However, several features of this transition layer are still a matter of
debate. Firstly, the temperature at whih the premelting transition ours, whih varies
from -50
o
C, to a few Celsius below the triple point depending on the experimental
soure.[16℄ Seondly, there is also no onsensus on the thikness of the premelting layer,
whih varies between 10 to several hundred Angstroms lose to the triple point.[16℄ And
nally, it is still unresolved whether the premelting layer remains nite,[17, 18, 19℄ or
diverges (surfae melting),[20, 12℄ at the triple point. There is at least a lear evidene
that ontamination of the water lm of the vapor phase largely inreases the size of
the premelted lm,[19, 22, 21℄, an indiation that ould reonile to some extent the
oniting results and favor the hypothesis of inomplete surfae melting.[17, 18, 19℄
However, this observation is far from solving the puzzling surfae physis of ie,
sine one an atually argue whether experiments have been arried out on true equi-
librium rystal strutures at all.[23℄ Indeed, ontrolled growth of ie rystals at about
1020
o
C below zero, usually produe prisms, with at basal faets and hexagonal shape,
whether as grown from the vapor,[17℄ or the liquid phase.[24℄ After the appearane of
a thin premelting lm, the hexagonal shape of suh rystallites is observed to round as
the triple point approahes, possibly indiating a roughening transition of the prismati
faets .[17, 24℄ In suh studies, the basal plane is found to remain smooth, indiating no
roughening of the basal orientation. Suh observations are onsistent with an ie surfae
exhibiting premelting before roughening for the prismati fae, and no roughening at all
for the basal fae.
On the other hand, there are laims that the equilibrium rystal shape of ie should
be ompletely rounded above -6
o
C,[25, 26, 12℄ an observation whih would indiate fully
roughened planes. In fat, x-ray reetivity experiments have reported observation of
a fully rough surfae of the basal plane before the advent of premelting at about -13
o
C.[20, 12℄ These observations seem reasonable on theoretial grounds, sine theoretial
estimates of the surfae free energy,[23℄ as well as omputer simulations of dierent
ie models, indiate a very small anisotropy of the surfae free energy,[27℄ whene, the
expetation of a quasi-spherial equilibrium rystal shape.
Aordingly, it would appear that not only the thikness of the premelting lm is
unknown. Even the relative order of the premelting and roughening transitions, or the
ourrene of the latter altogether, are still a matter of debate.
Simulation studies ould be a very useful tool for the study of the ie/vapor in-
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terfae, sine diret observation at atomi sale is possible. Studies up to date have
onrmed the presene of a premelting layer, but it is diult to determine whether
these models exhibit surfae melting, for problems of limited system sizes and inau-
ray in the loation of the melting point.[28, 29, 30, 31℄ Reently, Limmer and Chandler
performed extensive simulations of the ie/vapor interfae, and observed lear evidene
of a surfae melting transition, as well as a rough solid surfae of diverging orrelation
length.[32℄ This is a very areful study of surfae melting, but it is arguable whether
the results may be extrapolated to desribe a real substane suh as water. Clearly, the
presene of the surfae melting transition is an extremely subtle property whih is likely
to require a very ne moleular model to desribe reliably. Indeed, it has been suggested
that the absene of surfae melting in water is the result of ompliated many-body in-
terations whih require to take into aount the time dependent dieletri response of
solid and liquid phases, as well as retardation eets. These are ne features that are
well beyond the oarse sale of simple non-polarizable point harge models (let alone
models that altogether ignore dispersion fores and the eletri interations of water),
but an hopefully be inorporated ad-ho in order to reanalyze the results of simpler
models employed to desribe at least the short range interations.[32℄
In this work we study the ie/vapor interfae of the TIP4P/2005 model of water
proposed by Abasal and ollaborators.[33℄ This fore eld is apparently very lose to
the best rigid-point harge model of water,[34℄ and is therefore a good starting point
for the study of short range ontributions to surfae premelting. By introduing a
onvenient order parameter, we are able to resolve the liquid from the solid, and study
the utuations of the resulting solid/lm and lm/vapor surfaes. This oers us a
unique opportunity to study for the rst time the interplay between premelting and
roughening of the solid/lm surfaes. Our results show that both basal and prismati
faes exhibit premelting, as well as roughening well before the melting point is reahed.
Unfortunately, a onlusive statement is still not possible, beause some limitations of
the model that are unimportant in the study of bulk properties turn out to be major
onerns whenever two or more phases are involved, as is the ase in our study. Firstly,
for reasons of numerial onveniene, the dispersive interations are ut-o at a nite
distane. Seondly, the non-polarizable model is known to exhibit a stati dieletri
onstant that is smaller for the solid than for the liquid phase, at odds with real water.[35℄
Finally, beause of the absene of polarizability, no retardation eets are inorporated
at all. Fortunately, it is expeted that the range where these eets are important is
beyond the lm thikness observed in our simulations.[18℄
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6.3 Theory
6.3.1 Roughening transition of an interfae
The most signiant feature of a roughening transition is a divergene of the parallel
and perpendiular orrelations of the interfae. Whereas this is essentially a general
feature in all roughening proesses, the detailed physis of the onsidered interfaes
may be quite dierent. Here we briey review how suh transition omes about in two
important ases, namely, and adsorbed premelted lm, and a solid surfae.
Complete roughening of an adsorbed liquid-vapor interfae Consider a system
with two bulk phases in oexistene (suh as a solid and vapor phases), and a third
metastable phase (suh as a liquid) that is adsorbed between the solid and vapor. The
premelted liquid lm exhibits a quasi-liquid-vapor interfae, whih may be desribed in
terms of its loal height above the solid phase, h(x), where x is a point on the plane of
the substrate. In the apillary wave approximation, the free energy H [h] of a given lm
prole is given as:
Hl/v =
∫
dx
(
g(h) + γlv
√
1 + (∇h)2
)
(6.1)
The rst term, g(h) is a binding potential desribing the eetive interation of the
liquid-vapor interfae with the underlying solid substrate. The seond term is governed
by the liquid-vapor surfae tension, γlv, and penalizes inrements of the surfae area.
Expanding the Hamiltonian to seond order in the utuations of h(x) away from the
equilibrium lm height, one nds:
∆Hl/v =
1
2
∫
dx
(
g′′h2 + γlv(∇h)2
)
(6.2)
where the primes in g′′ denote dierentiation with respet to h. The partition funtion
for this Hamiltonian may be worked out by expanding h(x) in Fourier modes. This
yields the following result for the spetrum of lm height utuations:
〈h2(q)〉 = kBT
A(g′′ + γlvq2)
(6.3)
This spetrum is the signature of a lm with nite roughness. For wavevetors of waves
that are smaller than a parallel orrelation length ξ = (γlv/g
′′)1/2, the utuations
orrespond to a rough interfae, whih is haraterized by utuations with a q−2 power
law. As the wavevetor beomes small, however, g′′ damps the utuations, whih
beome smooth for wavelengths larger than ξ. In the limit where g′′ → 0, however, the
orrelation length beomes innite, the power law follows down to zero wave-vetors,
and the interfae beomes rough on all length sales, indiating omplete roughness of
the interfae.
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Roughening transition of a solid's surfae We now onsider a roughening tran-
sition that does not orrespond to the unbinding of a uid lm from a solid substrate,
but rather, to the unbinding of the solid-liquid interfae from its own underlying bulk
solid substrate. Traditionally, this proess has been desribed using so alled Solid on
Solid models, whih desribe the solid as made of prismati olumns, of disrete heights,
hi, that are multiples of the interplane spaing, b.[11, 36℄ At 0 K, a high symmetry
surfae is ompletely smooth, suh that all olumns are of equal height. Rising a ol-
umn by one lattie spaing reates a defet of energy J , whih, however, inreases the
surfae entropy. The energy of a given realization of olumn heights may be desribed
qualitatively using the SOS Gaussian model:
Hs/l =
J
b2
∑
i,j
(hi − hj)2 (6.4)
where the sum runs over all neighboring latties, and it is understood that the olumn
heights are multiples of the lattie spaing.
Whereas this model oers a rather lear desription of the roughening proess, it
is diult to solve analytially. For this reason, it is onvenient to resort to a some-
what more abstrat ontinuum model, known as the sine-Gordon model, whih has the
advantage of being solvable. In this way, the energy is now written as:
Hs/l =
∫
dx
(
1
2
γ˜sl(∇h)2 − u cos(2π
b
h)
)
(6.5)
Here, the disrete olumn heights are now transformed into a ontinuum surfae height,
h(x), so that the squared dierenes of Eq. (6.4) are transformed into a squared gradient.
Together with this ontribution, a bulk pining eld is added in order to favor surfae
heights that are multiples of the lattie spaing. The parameter γ˜sl is the interfae
stiness, [7, 11, 36℄ whih penalizes deviations from the planar onguration, while u is
a bulk-surfae oupling parameter whih ditates the strength of the bulk pining eld.
This model exhibits a roughening transition, at a temperature TR = 2γ˜sl/b
2
, where
the bulk-surfae oupling onstant eetively vanishes. Above this temperature, the
bulk pining eld is absent, and the Hamiltonian beomes exatly as the apillary wave
Hamiltonian of uid-uid interfaes. For highly symmetri rystals with low anisotropy,
the stiness does not show large dierenes among dierent faets, and the roughening
temperature is mainly governed by the distane between equivalent planes, b. Aord-
ingly, high symmetry faes, with larger interplane spaing, are usually those with highest
roughening temperature.
It is instrutive to expand the sine-Gordon Hamiltonian to quadrati order in the
surfae prole. Up to an additive irrelevant onstant, we obtain:[36, 37℄
∆Hs/l =
1
2
∫
dx
(
4π2u
b2
h2 + γ˜sl (∇h)2
)
(6.6)
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Whene, to quadrati order in the surfae height, the sine-Gordon Hamiltonian for
olumn utuations is essentially equal to the Capillary Wave Hamiltonian for adsorbed
lms, with an eetive pining strength υ = 4π
2u
b2
in plae of g′′. Aordingly, the spetrum
of utuations is:
〈h2(q)〉 = kBT
A(υ + γ˜sl q2)
(6.7)
As long as the pinning oeient u remains nite, the surfae height utuations are
bound, and the surfae is said to be smooth. If, however, u→ 0, the utuations diverge
as q → 0 and the surfae beomes rough on all length sales. Aording to the theory of
equilibrium rystal shapes, rystal faets of length smaller than the orrelation length
(γ˜sl/υ)
1/2
disappear and beome round.[16℄
6.3.2 Model for oupled interfae utuations
We now attempt to provide a phenomenologial desription of interfae utuations of
a premelted solid-vapor interfae. Consider, to be spei, a premelted water lm (f),
that is adsorbed on top of a bulk ie phase (i) separating it from a bulk vapor phase
(v). Overall, the ie/vapor interfae may be desribed in terms of two dierent dividing
surfaes, one, separating solid ie from the water lm, (if), and other, separating the lm
from the vapor phase (fv). In our phenomenologial model, we desribe the utuations
of the ie/lm surfae using the sine-Gordon Hamiltonian, and the lm/vapor surfae
using the Capillary Wave Hamiltonian, as follows:
∆Hs/f/v =
∫
dx
(
1
2
γ˜iw(∇hif)2 − u cos(2π
b
hif ) + g(hfv − hif ) + γwv
√
1 + (∇hfv)2
)
(6.8)
where hif and hfv are the loal positions of the i/f and f/v surfaes, respetively; γ˜iw is
the stiness of the i/w interfae, γwv is the surfae tension of the w/v interfae and g(x)
is a loal interfae potential whih binds the lm of premelted ie to the bulk ie phase.
This Hamiltonian may be simplied by expanding to quadrati order in hif and
hfv, as noted previously. This results in a total energy whih is essentially the sum
of Eq. (6.5) and Eq. (6.1), with hif and hfv oupled via the interfae potential. The
Hamiltonian may be worked out as before, by writing the lm heights in Fourier modes,
yielding:
∆Hs/f/v =
1
2
∑
q
{
[υ + g′′ + γ˜iwq2]|h2if (q)|+ [g′′ + γwvq2]|h2fv(q)| − 2g′′|hif(q)h∗fv(q)|
}
(6.9)
where we have introdued υ = 4π2u/b2 as the eetive bulk rystal eld strength, for
short.
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The statistial weight of this Hamiltonian, exp(−∆H/kBT ) yields a Gaussian bi-
variate distribution for the surfae modes analogous to that found for oupled uid-uid
interfaes under gravity.[38, 39, 40℄ This an be solved immediately, providing the fol-
lowing result for the spetrum of utuations:
〈|h2if(q)|〉 =
kBT
A
g′′ + γwvq2
[υ + g′′ + γ˜iwq2][g′′ + γwvq2]− g′′2
〈|h2fv(q)|〉 =
kBT
A
υ + g′′ + γ˜iwq2
[υ + g′′ + γ˜iwq2][g′′ + γwvq2]− g′′2
〈hif(q)h∗fv(q)〉 =
kBT
A
g′′
[υ + g′′ + γ˜iwq2][g′′ + γwvq2]− g′′2
(6.10)
In order to asses the signiane of these equations, it is onvenient to introdue parallel
orrelation lengths harateristi of isolated ie/water and water/vapor interfaes, ξ2iw =
γ˜iw/υ, and ξ
2
wv = γwv/g
′′
, respetively. This allows to distinguish a small wavevetor
regime, where (ξ2iw + ξ
2
wv)q
2 ≪ 1, and a large wavevetor regime, where the ontrary
holds. The utuations in eah regime are:
〈|h2if(q)|〉 =

kBT
A
1
υ
(ξ2iw + ξ
2
wv)q
2 ≪ 1
kBT
A
1
γ˜iwq2
(ξ2iw + ξ
2
wv)q
2 ≫ 1
(6.11)
〈|h2fv(q)|〉 =

kBT
A
(
1
υ
+
1
g′′
)
(ξ2iw + ξ
2
wv)q
2 ≪ 1
kBT
A
1
γwvq2
(ξ2iw + ξ
2
wv)q
2 ≫ 1
(6.12)
〈|hif(q)h∗fv(q)|〉 =

kBT
A
1
υ
(ξ2iw + ξ
2
wv)q
2 ≪ 1
kBT
A
g′′
γ˜iwγwvq4
(ξ2iw + ξ
2
wv)q
2 ≫ 1
(6.13)
Clearly, in the small wavevetor regime, both the ie/uid and the uid/vapor utu-
ations remain nite and orrelated. In lengthsales that are small ompared to both
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ξiw and ξwv, on the ontrary, both surfaes beome rough and highly unorrelated, as
evidened from the ross orrelations, whih deay as q−4 instead of q−2.
Most signiantly, the results allow for a lear distintion between two dierent
senarios, namely, 1) the ase where a roughening transition has ourred before pre-
melting. In this ase, υ = 0, and the orrelations of both the ie/uid and uid/vapor
surfaes, as well as the rossed orrelations, diverge in the limit of small wavevetors,
and 2) the ase where the solid surfae premelts before the roughening transition. Then
υ remains nite, and none of the low wavevetor utuations diverge, but rather, remain
nite.
6.4 Methods
6.4.1 Model and System
Orientation
ie/water interfae ie/vapour interfae
LxxLyxLz(nm
3) Moleules LxxLyxLz(nm
3) Moleules
(Basal)[pII℄ 18.7696x1.8039x9.3319 10112 18.7696x1.8039x9.3319 4632
(pI)[Basal℄ 18.0134x2.1991x8.0808 10240 18.0577x2.2045x9.5000 5520
(pI)[pII℄ 17.6430x2.3491x7.8227 10368 17.6430x2.3491x9.0000 5760
(pII)[Basal℄ 17.9927x2.2047x8.3875 10670 18.0596x2.2063x9.0000 5760
(pII)[pI℄ 18.3690x1.8037x8.3928 8896 18.3661x1.8035x9.0000 4800
Table 6.1. System sizes of the dierent systems studied.
We have used the TIP4P/2005 model for real water. Our systems onsist of an ie
slab plaed in the middle of the z diretion of a retangular simulation box of sides Lx,
Ly and Lz with the interfae plaed at the x, y plane. Surrounding this slab there are
water moleules if an ie/water system is simulated, or vauum for an ie/vapor system.
In order to deal with a reasonable number of moleules we set Lx >> Ly. In this
way our systems present an elongated interfaial area whih allow us to study apillary
waves propagating along the x diretion. The values of the box sides and the number
of moleules of eah system are shown in Table 6.1.
To be able to analyse our systems we need to nd a disrete funtion h(x) desrib-
ing the interfae. To manage this we make use of the order parameter q¯6 of Lehner and
Dellago [41℄, whih allows us to distinguish between solid and liquid moleules.
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When analysing water/vapor systems we follow the same proedure as in Ref. [42℄.
In this proedure we get rid of uidlike moleules by making use of the order parameter
and then nd the biggest luster of solid moleules.
However, for the ie/vapor system the proedure is not always the same, as we an
nd two dierent surfaes as mentioned in the introdution: the ie/lm surfae and the
lm/vapor surfae. For the ie/lm surfae the proedure is exatly the same as for the
ie/water surfae, sine we are interested only in solidlike moleules. On the ontrary,
for the lm/vapor surfae we are interested in the interfae between a liquidlike lm
and a vapor. For this reason we do not make use of any order parameter and we just
look for the biggest luster, regardless it is solid or uid. By doing this we get rid of
any vapor partile.
Finally, one we have isolated the moleules whih onern us for eah surfae we
an dene a disretized interfae prole along the x diretion, h(x) (see Ref. [42℄ for a
detailed desription of how this is done).
6.4.2 Simulation details
We have employed the Moleular Dynamis pakage GROMACS [43, 44℄ to perform
our simulations. We prepare our systems by equilibrating an ie Ih onguration at
T=250K and 1 bar, lose to the triple point of the model [45℄. We then resale the
simulation box to the average value of Lx, Ly and Lz to avoid any stress. Next the solid
is plaed next to a liquid or vauum, for ie/water and ie/vapor interfaes respetively,
and equilibrated in the NVT ensemble until the energy of the systems remains stable.
Then we perform prodution runs of about 0.5µs in the NVT ensemble with the
time step for the Veloity-Verlet integrator xed to 0.003 ps. Snapshots were saved every
75 ps, resulting in a total of about 6500 snapshots. The temperature of the system was
xed by using the veloity-resaling thermostat of Bussy, Donadio and Parrinello [46℄.
6.5 Results
Here we present results for the struture of the ie/water and ie/vapor interfae of
basal, primary prismati (pI) and seondary prismati (pII). The simulations of the
ie/water interfae are arried out at a temperature of T=248.5K, while those of the
ie/vapor interfae are simulated at T=248.7K.
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Figure 6.1. Density proles of ie/water systems along z diretion. The density proles have been
alulated with slabs of thikness 0.05σ and averaging over a time gap of ∼ 35 ns. Blak lines
orrespond to the whole system and orange lines orrespond to ielike moleules. Horizontal
dotteddashed lines orrespond to the average bulk density of the uid phase.
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6.5.1 Density proles
Ie/water interfae
Fig. 6.1 shows results for the density proles aross the ie/water interfae for all
three planes studied and dierent surfae setups. Obviously, the density proles are
not intrinsi properties of the bulk thermodynami eld, but rather, depend also on the
lateral system size. With this aution, however, we an interpret the density proles in
the mean eld sense.
For eah plane, it is apparent the oexistene of a well equilibrated bulk solid
phase, with osillatory behavior, and a homogeneous liquid phase of uniform density.
This an be inferred by omparing the total density prole (blak lines), with the density
of moleules labeled as solid (orange lines), whih are fully oinident within a large slab
several layers thik. The bulk solid phase ats on average as a hard wall, whereupon
damped osillations of the liquid phase deay towards the bulk liquid phase due to
paking orrelations.
Although the thikness of the interfae is almost the same in the three planes
studied [27℄ the number of layers involved in it diers. The basal plane exhibits 5
distint layers of ordered liquid before deaying to the bulk density; the pI plane shows
four bimodal osillations, and the pII is that exhibiting a larger number of layers with
about six lear osillations before deaying to the liquid density. In all ases, there is
a lear penetration of the solid density into the region where the liquid is the majority
phase. This indiates either a rough interfae, or the presene of terraes, suh that,
along the same layer, a partially lled solid staking is interrupted by pokets of liquid
water.
As expeted, the density proles of equal planes but dierent geometries, do not
dier from eah other. Unlike the stiness oeients, the density proles are properties
of the plane only, not of a privileged diretion for wave propagation within that plane.
Hene, the density proles of the (pI)[basal℄ and (pI)[pII℄ setups are essentially idential,
and similarly, those of the (pII)[basal℄ and (pII)[pI℄ are also equal.
Ie/vapor interfae
The density proles of the ie/vapor interfae are shown in Fig. 6.2 for the same planes
and geometries studied previously. Again it is possible to identify a bulk solid phase
several layers thik, and a vapor phase of very small density (essentially zero density in
the sale of the gure). Compared to the ie/water interfae, however, the presene of a
third liquid phase protruding between the bulk solid and vapor phases is fairly apparent,
as indiated by the high density regions with damped osillations orresponding to water
moleules labeled as liquid phase. Whene, it is onluded that the ie/vapor interfae
is best desribed as an ie/lm/vapor system, with a premelted liquid lm between the
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Figure 6.2. Density proles of the ie/vapour interfaes along z diretion. The density proles have
been alulated with slabs of thikness 0.05σ and averaging over a time gap of ∼ 35 ns. Blak lines
orrespond to the whole system and orange lines orrespond to ielike moleules.
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vapor and the solid. A full haraterization of the utuating interfae then requires to
distinguish between the ie/lm and the lm/vapor surfaes, whih ould in priniple,
exhibit dierent orrelations, at least at large wavevetors.
Interestingly, a omparison of the deaying osillations of the premelted lm and
the ie/water interfae reveals a rather similar struture. This is best seen in Fig. 6.3,
where the total density prole of the ie/water and ie/vapor interfaes is ompared for
all planes studied. The gure learly shows that the ie/vapor interfae is nearly equal
to the ie/water interfae. Not only it follows the osillations expeted for the bulk solid
phase, but also mimis aurately the damped osillations of the deaying water prole,
up to a point where the density suddenly falls to the bulk vapor density.
Similarly, the density prole of solidlike atoms is the same in both the ie/water
and ie/vapor interfaes, both within the bulk solid slab, and in the deaying density
prole. We test this in Fig. 6.4, where the density proles of solidlike moleules for
the ie/water and ie/vapor interfaes are ompared. Clearly, the struture of the den-
sity osillations is nearly equal, with only somewhat smaller solid moleule densities in
the ie/vapor system. Suh dierenes are obviously a result of the somewhat smaller
hemial potential that is imposed along the sublimation line, as ompared to that of
the melting line.
Finally, we see from Fig. 6.4 that the struture of the lm formed at the ie/vapor
interfae is the same as that of the liquid phase of the ie/water interfae.
These set of gures learly indiate that the ie/lm boundary of the ie/vapor
interfae is very similar to that of the ie/water boundary, at least at temperatures a
few degrees below the triple point. Interestingly, this observation is quite onsistent
with reent measurement of ie growth, whih revealed a similar mehanism for ie
rystallites grown in water or vapor bulk phases, and supports the hypothesis that the
rate determining step of rystal growth, whether from the liquid or the vapor phase, is
the staking of rystal planes at the liquid/ie boundary [47℄.
6.5.2 Roughness
As disussed previously, the density proles of the ie/water and the ie/vapor interfae
learly reveal a onsiderable degree of surfae disorder. This is apparent in the ie/vapor
interfae by the presene of a premelted lm, but also, by the interpenetration of the
liquid prole into the solid prole aross several solid layers (Fig 6.4). This implies that
the ie/lm surfae is either rough or has a large density of steps.
We note at this stage that our previous study of the ie/water interfae for the
TIP4P/2005 model,[27℄ revealed that all three basal, pI and pII planes where rough at
least up to the largest length sale of our simulation box, i.e., about λ = 17.6nm.
In Fig. 6.5 we plot the spetrum of apillary wave utuations for the ie/lm
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Figure 6.3. Complete density proles of the ie/water (blak) and the ie/vapour (red) systems along
z diretion. Dashed and dotted blue line orrespond to the average density of the uid phase. The
density proles have been alulated with slabs of thikness 0.05σ and averaging over a time gap of ∼
35 ns.
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Figure 6.4. Density proles or the ie/water (blak) and the ie/vapour (red) systems along z
diretion. In eah plot we represent solidlike moleules of the ie/water (blak) and ie/vapor (red)
interfaes and liquidlike moleules of the ie/water (green) and ie/vapor (blue) interfaes. The
density proles have been alulated with slabs of thikness 0.05σ and averaging over a time gap of ∼
35 ns.
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Figure 6.5. Plots of
〈|h(q)|2〉 vs q for all the ie/vapour interfaes studied. Blak irles orrespond
to hif (q) · h∗if (q), red squares orrespond to hfv(q) · h∗fv(q), and orange triangles down orrespond to
hif (q) · h∗fv(q). Inset: same gures but with
〈|h(q)|2〉 in logarithmi sale.
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Figure 6.6. Plots of 1/(
〈|h(q)|2〉 q2) vs q for all the ie/vapour interfaes studied. Blak irles
orrespond to hif (q) · h∗if (q), red squares orrespond to hfv(q) · h∗fv(q), and orange triangles down
orrespond to hif (q) · h∗fv(q). The results are ompared with those of the ie/water interfae (green
diamonds) and the water/vapor interfae (blue stars).
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and lm/vapor surfaes, as well as their rossed orrelations 〈hif(q)h∗fv(q)〉. Aording
to the model of setion 6.3.2, these utuations remain nite for a smooth interfae
(nite ν), but diverge if the interfae is rough (vanishing step free energy ν) [48℄, as
indiated in Eq. 6.10. Our results for all three studied planes are learly indiative of
a strong divergene of the surfae orrelations. Furthermore, as depited in the inset,
whih shows the same results in logarithmi sale, the orrelations seem to diverge either
exponentially or aording to a power law.
In order to test this further, Fig. 6.6 now plots 〈hX(q)h∗Y (q)〉q2)−1 for X and Y
equal to either if or fv. Suh plots should show a divergene if the interfae is smooth,
and, on the ontrary, should onverge to A(γ˜iw + γwv)/kBT as q → 0, for all three
orrelation funtions studied, with the pure orrelations onverging from below, and the
rossed orrelations onverging from above.
Whereas the plot shows that we are still somewhat away from the zero wavevetor
limit, it does seem that all three orrelations ould be onverging to the same value.
Unfortunately, the rossed orrelations deay to zero so fast (orange line), that they
hange sign erratially due to statistial unertainty, so that their inverse rosses from
plus to minus innity regularly, and only the rst few data points are meaningful in this
plot.
To further hek for onverged values of the inverse utuations, we have indiated
with an arrow in the gures the q = 0 limit expeted from the model for a rough interfae
(i.e.,
kBT
A(γ˜iw+γwv)
). A smooth extrapolation of the simulated data (as performed by visual
inspetion), would seem to indiate that the model provides an order of magnitude
estimates of the q = 0 limit, and this would seem to favor the hypothesis of a ompletely
rough ie/lm interfae for all three faets. Unfortunately, the model would seem to be
providing somewhat too small values for the q = 0 limit. This ould indiate the need
to onsider additional ontributions to the phenomenologial Hamiltonian of Eq. 6.8,
that ould be important in the limit of q = 0.
Despite these strong indiations, it must be noted that one annot ompletely rule
out the absene of roughness at length sales larger than the size of our simulation box.
Indeed, Libbreht has suggested that the ie interfae, remains rough up to fairly large
length sales of about 20 unit ells, but that ould eventually beome smooth at larger
length sales [47℄.
Moreover, a visual inspetion of the ie/water and ie/vapor interfaes might sug-
gest that the basal and pI planes are not ompletely rough at the temperature here
studied. This is learly seen in Fig. 6.7, where it is shown that these two planes show
a stepped interfae.
In the absene of any apparent divergene, we are at least in a position to give
a lower bound for the parallel orrelation length of the ie/lm interfae, whih must
be larger than the largest length sale aessible in our simulations, 2π/qmin = Lx.
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(a) (Basal)[pII℄ Ie/water (b) (Basal)[pII℄ Ie/vapor
() (pI)[Basal℄ Ie/water (d) (pI)[Basal℄ Ie/vapor
(e) (pII)[pI℄ Ie/water (f) (pII)[pI℄ Ie/vapor
Figure 6.7. Ie strutures for dierent interfaes.
Aordingly, it follows that ξif > 18nm. This sets an upper bound for the step free
energy per unit length, J/b = γ˜iwb
3/4π2ξ2if of less than 2·10−16 J/m. Unfortunately,
this small energy sale seems to be at odds with expetations from reent rystal growth
measurements, whih suggest a step energy of about J/b ≈ 10−13 J/m.[49℄
6.5.3 Test of model
In the previous setion we have interpreted the spetrum of utuations on the basis
of the apillary wave model of setion 6.3.2, and onluded that the ie/lm surfae is
rough. Furthermore, the results have provided us with an upper bound for the step free
energy of the ie surfae.
We now test whether the model serves as a quantitative desription of the ie/vapor
interfae. We note that, aording to that model, the spetrum of utuations for
the ie/lm and lm/vapor surfaes should beome equal to that of the ie/water and
water/vapor surfaes, respetively, for large enough wave vetors (.f. Eqs. 6.11 and
6.12).
We test this hypothesis by omparing the utuations of suh surfaes in Fig. 6.6.
The results show that the utuations are indeed very similar for wavevetors beyond
about q = 0.47σ−1 (1.5 nm−1).
Thus, for wavelengths smaller than λ = 4.2 nm, the ie surfae annot tell the
dierene between the bulk liquid phase or the thin premelted lm. Similarly, the
liquid/vapor surfae annot tell whether it limits a bulk liquid phase or a thin premelted
lm in ontat with bulk ie.
Essentially, what this means is that for suh wavelengths, the ie/lm and lm/water
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Figure 6.8. Plots of
〈|h(q)|2〉 vs q for all the ie/vapour interfaes studied. Green diamonds
orrespond to h+(q) · h∗+(q), blue triangles up orrespond to h−(q) · h∗−(q), violet stars orrespond to
h+(q) · h−(q), red irles orrespond to 1/4 (hwv(q) + hiw(q)) and blak squares orrespond to
1/4 (hwv(q)− h∗iw(q)). Inset: same gures but with
〈|h(q)|2〉 in logarithmi sale.
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Figure 6.9. Stiness of the ie/lm (green), ie/water (blak), lm/vapor (red) and ie/water (blue)
interfaes as a funtion of the wavevetor for all the interfaes studied. (Basal)[pII℄: irles,
(pI)[Basal℄: diamonds, (pI)[pII℄: triangles, (pII)[Basal℄: squares and (pII)[pI℄: rosses. The vertial
dashed line denes the region where the surfaes are unorrelated.
surfaes behave independently from eah other, and are therefore unorrelated. For that
reason, the ross orrelations 〈∣∣hif(q)h∗fv∣∣〉 shown in Fig. 6.6 are seen to deay muh
faster than the 〈∣∣h2if (q)∣∣〉 and 〈∣∣h2fv(q)∣∣〉 orrelations, as predited by Eq. 6.13.
Orientation γ˜iw(mN/m) γ˜if (mN/m) γfv(mN/m)
(Basal)[pII℄ 28.4 30.8 88.7
(pI)[Basal℄ 25.6 30.3 87.1
(pI)[pII℄ 27.0 29.2 84.6
(pII)[Basal℄ 22.8 24.2 79.3
(pII)[pI℄ 24.8 25.3 79.2
Table 6.2. Stiness and interfaial tension of the ie/water and ie/vapor interfaes. The value of the
interfae tension of the ie/water interfae is γ = 72.7mN/m.
An interesting orollary of this fat is that, in that regime of wavevetors where the
surfaes are unorrelated, the utuations should be similar to those expeted for the
ie/water and water/vapor interfaes, so that it should be possible to extrat from suh
data an estimate of γ˜iw and γwv. We test this hypothesis in Fig. 6.9, where the stinesses
of the ie/lm and lm/vapor surfaes are ompared with those of the ie/water and
water/vapor interfaes. As it is is lear from the gure, in the regime where the surfaes
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Figure 6.10. Plots of the stiness vs q for the ie/water interfae. Symbols are our simulation data
and lines are linear ts of the points inside the box to γ˜(q) = γ˜0 + κq
2 + cq4.
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Figure 6.11. Plots of the stiness vs q for the ie/lm surfae. Symbols are our simulation data and
lines are linear ts of the points inside the box to γ˜(q) = γ˜0 + κq
2 + cq4.
235
6. Struture and utuations of the premelted liquid lm of ie at the triple point
0 1 2 3 4 5 650
100
150
200
250
300
350
PSfrag replaements
q / nm
−1
γ
/m
N
·m
−1
(a) (Basal)[pII℄
0 1 2 3 4 5 650
100
150
200
250
300
350
PSfrag replaements
q / nm
−1
γ
/m
N
·m
−1
(b) (pI)[Basal℄
0 1 2 3 4 5 650
100
150
200
250
300
350
PSfrag replaements
q / nm
−1
γ
/m
N
·m
−1
() (pI)[pII℄
0 1 2 3 4 5 650
100
150
200
250
300
350
PSfrag replaements
q / nm
−1
γ
/m
N
·m
−1
(d) (pII)[Basal℄
0 1 2 3 4 5 650
100
150
200
250
300
350
PSfrag replaements
q / nm
−1
γ
/m
N
·m
−1
(e) (pII)[pI℄
Figure 6.12. Plots of the surfae tension vs q for the lm/vapor surfae. Symbols are our simulation
data and lines are linear ts of the points inside the box to γ(q) = γ0 + κq
2 + cq4.
are unorrelated (right part of the plot) the ie/lm and lm/water surfaes mimi the
ie/water and water/vapor interfaes, respetively.
In order to ompare the interfaial stiness of eah surfae we plot them separately
in Figs. 6.10, 6.11, and 6.12. Then we t our data to the expression given by the apillary
wave theory [50, 51, 52℄:
γ˜(q) = γ˜0 + aq
2 + bq4 (6.14)
Table 6.2 ollets the data obtained this way, together with the orresponding
results obtained for the water/vapor stiness.
The estimates obtained from the utuations of the premelting lm are in rea-
sonable agreement with the data for the independent interfaes, albeit systematially
too large. A loser inspetion shows that in fat this ould have been expeted from
our model. Indeed, sine the stiness oeients are atually not onstants, but rather,
are q dependent, it follows that the bending rigidity oeients feed into the apparent
stiness obtained from Figs. 6.11 and 6.12, so that, in fat, the ts yield the stiness
oeients up to a onstant small fator of:
1 +
g′′
γiwγwv
(κiw + κwv) (6.15)
Sine the bending rigidities are positive, and we expet g′′ also to be small but positive,
this fator is larger than unity, and explains the somewhat larger oeients obtained
in Table 6.2.
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Obviously, as the lengthsale beomes larger, eventually the surfaes must feel eah
other and behave overall as expeted for the full ie/vapor interfae. In order to test this,
we now analyse our results as is often done in the study of membrane utuations.[53℄
For this purpose, we dene a mean surfae, h+ =
1
2
(hif + hfv), as well as a measure of
the loal lm thikness, h− = 12(hif − hfv). Aording to our model, Eq. (6.10), the
expeted spetrum of utuations is given by:
〈h+(q) · h∗+(q)〉 =
kBT
A
g′′ + 1
4
γ+q
2
g′′γ+q2 + γ2q4
(6.16)
〈h−(q) · h∗−(q)〉 =
kBT
A
1
4
γ+q
2
g′′γ+q2 + γ2q4
(6.17)
〈h+(q) · h∗−(q)〉 =
kBT
A
1
4
γ−q2
g′′γ+q2 + γ2q4
(6.18)
where γ+ = (γfv + γ˜if), γ− = (γ˜if − γfv) and γ2 = γ˜ifγfv. The model learly shows
that, for small wavevetors, the mean surfae utuates as a single rough surfae, with
a surfae tension whih is the sum of the ie/water and water/vapor tensions. On
the other hand, as the lengthsale beomes large enough, the utuations of the lm
thikness beome bound, with amplitudes that are ditated by the interfae potential
binding the prewetting lm to the solid phase.
We test this expetations by plotting 〈|h±(q)h∗±(q)|〉 as a funtion of q (Fig. 6.8).
As expeted from the model above, the utuations of 〈|h+(q)h∗+(q)|〉 and 〈|h−(q)h∗−(q)|〉
behave identially at large wavevetors. That behavior orresponds essentially to a su-
perposition of the ie/lm and lm/vapor utuations, whih as noted previously, behave
as independent ie/water and water/vapor surfaes.
For large wavelengths, however, a distint behavior between the mean surfae and
the mean thikness beomes apparent. The mean surfae shows a strong divergene,
while the mean thikness grows with a muh smaller slope. As noted previously, we
expet the mean thikness would eventually onverge to a nite value inversely propor-
tional to g′′. However, for the wavelengths studied it would seem that the rossover to
damped utuations has not yet set in learly. This preludes us from obtaining a preise
estimate of the binding strength g′′. However, we an still obtain a lower bound. Indeed,
the fat that there is no onvergene, implies that still g′′γ+q2 ≈ γ2q4 for the smallest
wavelength studied, qmin = 2π/18 nm
−1
, whene, it follows that g′′ < γ2/γ+q2min, whih
gives g′′ < 2.8 · 1015Jm−4 Assuming g′′ stems mainly from dispersion fores, and on-
sidering lm thikness of about ∆h ≈ 1 nm, this gives us for the ie/lm Hamaker
onstant a rough estimate of Aif ≈ g′′h4 ≈ 10−21 J , whih is within the lower side of
aepted Hamaker onstants.[54℄
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J/b / (J· m−1) ξif nm g / (J·m−4) ξfv / nm
2 · 10−16 18 2.8 · 1015 3
Table 6.3. Values of the strutural properties of the ie/vapor interfae.
Alternatively, we may exploit the fat that, aording to Eq. 6.17, 〈|h−(q)h∗−(q)|〉
beomes a linear funtion of q2, with an interept at q = 0 equal to kBT
4Ag′′
. By extrap-
olating the rst few points to zero, we now obtain a value for g′′ whih is an order of
magnitude higher. This value determines the upper limit of g′′. With our estimates for
g′′, we an now dene a orrelation length for the utuations of the premelting lm as
ξ2fv = γ
2/(γ+g
′′). This gives as a rather small orrelation length of about ξfv = 3·10−9 m.
This is a muh smaller sale than the lower bound for the orrelations of the ie/lm
interfae, whih we showed must be larger than 18 nm. The impliation is that the
premelted lms an hardly heal the roughness of the underlying ie surfae at this tem-
perature.
As a nal remark, we note that the low wavevetor limit of the rossed orrelations
seems to onverge smoothly to negative values. The reason for this behavior is apparent
in Eq. 6.18, whih shows that the q = 0 limit here is a nite value proportional to
γ− = γ˜iw−γwv. Sine γ˜iw is about half of γwv for all three planes studied, γ− is negative
and the interept at q = 0 ours for negative orrelations.
Table 6.3 ollets the data we have gathered for the strutural properties of the
ie/vapor interfae, inluding upper and lower bounds for J/b and ξif , respetively, and
semi-quantitative preditions for g′′ and ξfv.
6.6 Conlusions
In this paper we have studied the struture of the solid/vapor interfaes of water in the
neighborhood of the triple point for the TIP4P/2005 model. Our results show that the
three most important planes of ie, basal, primary prismati and seondary prismati
exhibit a thin premelted liquid layer of about 0.85 nm. This implies that the ie/vapor
interfae may be desribed in terms of two additional surfaes, separating the premelting
layer from the bulk solid and bulk vapor phases. We have studied the utuations of
these two surfaes, and analysed them in terms of a simple phenomenologial model of
oupled surfae utuations.
Aording to our phenomenologial model, the utuations of the premelting lm
may be desribed by two independent ie/water and water/vapor interfaes, oupled by
a binding potential whih limits the growth of the premelting layer.
Our results suggest that the ie/lm surfae is rough for all length sales beyond
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the smallest wavevetor aessible in our simulations, qmin ≈ 0.35 nm, with a very small
step free energy of about 10−16 J/m. On the ontrary, the lm/vapor surfae exhibits
only inomplete roughness, as it is bound by a nite binding potential whih damps its
parallel utuations beyond a few nanometers.
We test the phenomenologial model by omparing the ie/lm and lm/vapor
utuations with those obtained from independent simulations of the ie/water and wa-
ter/vapor interfaes. The results learly demonstrate a rossover from a mirosopi
regime of length sales smaller than about 0.45 nm, where the premelted surfaes u-
tuate independently, and nearly as those of the ie/water and water/vapor interfaes.
For larger wavelengths, on the ontrary, the two surfaes beome orrelated and behave
as a single interfae with utuations governed by a stiness whih is lose to, but some-
what larger than the sum of the ie/water stiness and the water/vapor surfae tension,
whene, about 100 mJ/m2.
Our results lend support to a reent study, whih indiate that the rystal growth
of ie rystallites in either bulk water or bulk vapor follows a similar mehanism [47℄.
This implies, for the rystal growth in the vapor phase, a proess that is limited by the
rystallization of water moleules within the premelted liquid lm.
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The area distribution of the intrinsi
surfae
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a Físia, Faultad de Cienias Químias, Universidad Com-
plutense de Madrid, 28040 Madrid, Spain
7.1 Abstrat
In this paper we examine the probability distribution of the intrinsi surfae area of an
interfae for the rst time. In partiular, we use the LennardJones model to measure
the instantaneous surfae area of a liquidvapor interfae and alulate its probability
of appearane.
By developing a model whih takes into aount both enthalpi and entropi on-
tributions, we show that the surfae area probability follows a Gamma distribution from
whih a oeient related to the marosopi surfae tension an be obtained. Our re-
sults show that the values of this oeient depend strongly on the resolution employed
to loate the interfae.
Finally, we show that the surfae tension obtained from surfae area distributions
is losely related to the bending rigidity of the interfae, whih also depends on the
resolution employed. This relationship reveals that for an interfae where the bending
rigidity is zero, the surfae tension obtained with our model equals the marosopi
surfae tension.
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7.2 Introdution
Aording to lassial surfae thermodynamis, the interfae between two oexisting
phases is desribed in terms of a at dividing surfae, whose area ditates the extensive
properties of the surfae. Additionally, a number of intensive thermodynami elds suh
as temperature and pressure are required to fully desribe the state of the system.[1℄ At
a mirosopi level, this desription is embodied in mean eld theories of the interfae,
where it is possible to dene a unique intrinsi density prole, ρ(z), that depends only
on the perpendiular distane to the interfae, z.[1, 2, 3℄ The impliit piture in this
desription is that of a at interfae, that exhibits no inhomogeneities along its parallel
diretion.
Obviously, suh a desription is an idealization, and one an well understand that
instantaneously, an interfae is never ompletely at, but rather, exhibits loal utu-
ations of the interfae position due to thermal agitation. As a result, a snapshot of
the interfae is better desribed as a sum of undulated surfae waves, whih onvey a
rough texture to the ideally at dividing surfae. Sine suh utuations inrease the
instantaneous surfae area, they are penalized by the surfae tension, and are therefore
known as surfae apillary waves.[4, 5, 6, 1, 7℄
This oarse grained desription of a rough interfae an be hardly ontested on
intuitive grounds. Surprisingly, the impliations are, on the ontrary, far less intuitive,
and have been the matter of ontroversy for many years.[6, 8, 9, 10, 11, 12℄ Most no-
tieably, in the absene of a pining external eld (suh as gravity) this senario leads to
an interfae with diverging perpendiular orrelations, whene, of innite roughness in
the thermodynami limit.[6℄ Whereas this predition has been the matter of muh de-
bate, it has been later onrmed by eld theoretial renormalization of the Cahn-Hillard
Hamiltonian.[13, 14, 15℄ This result has been sometimes interpreted rather ounterintu-
itively as meaning that an interfae annot exist in the thermodynami limit, but suh
a viewpoint is arguable and an be ontested.[5℄
A far less studied issue refers to the intrinsi surfae area distribution of the rough
interfae. In the original formulation of apillary wave theory [4℄ large area inrements
are exponentially suppressed as exp(−βγb∆A), with γb ditating the ost of area in-
rements. This suggests a monotonous deay of the probability distribution. However,
larger surfae areas bear a larger entropy, and this, on the other hand, enhanes the
likelihood of surfae area utuations. This is analogous to the usual ompetition be-
tween entropi and enthalpi ontributions in statistial thermodynamis, whih usually
results in a highly peaked gaussian distribution.[16℄ Surprisingly, this issue, whih hinges
on the entropi nature of apillary waves seems to have been seldom explored.
A related issue refers to the oeient ditating the free energy penalty of the
surfae area inrements, γb, whih is, somehow, a measure of the surfae tension. Using
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the tehniques of thermodynami density funtional theory, it is possible to assess the
ost of inreasing the surfae area from the intrinsi density prole of a mean eld
theory.[6℄ However, one expets that suh a mean eld measure of the surfae tension
annot inorporate free energy ontributions steaming from utuations beyond the bulk
orrelation length. For that reason, in apillary wave theory a distintion is usually made
between the mean eld surfae tension, otherwise known as the bare surfae tension,
γb, and the marosopi surfae tension, γlv, whih inorporates somehow the eet of
negleted apillary wave utuations. Sine a rough interfae with nominal surfae area,
A0 bears a number of, say, n apillary wave modes, with an average energy of
1
2
kBT ,
it is expeted that γlv should be related to γb by additive terms of order nkBT , but
the exat nature of this relation is somewhat a matter of debate.[4, 6, 17, 12, 18℄ This
situation if further ompliated if one expliitly onsiders that the area inrements are a
result of bending the interfae, and have therefore an extra free energy penalty related
to the resulting nite urvature of the rough interfae.[17℄ An averaged surfae tension
then inorporates a new ontribution related to the bending rigidity oeient, and this
further obsures our understanding of how the bare surfae tension is related to the
measured surfae tension in experiments.
In fat, the need for a bare surfae tension in the apillary wave Hamiltonian has
been ontested on theoretial grounds,[8℄, and is atually at odds with several known
results. 1) Aording to the lassial theory, the amplitude of low wavevetor utua-
tions of the interfae height is related to the bare surfae tension, γb, rather than to the
marosopi surfae tension, γlv. Yet, there is an ample simulation evidene showing
that the low wave vetor utuations are suppressed essentially by γlv, rather than by
a related bare surfae tension. 2) Also aording to the lassial theory, the interfaial
roughness is ditated by the bare surfae tension. However, for the Ising model in two
dimensions, the exat result of the density prole rather shows that the roughness is
ditated by the marosopi surfae tension.[19℄ This view is onrmed also in omputer
simulations of three dimensional systems.[20℄ A possible way to reonile this problem
was suggested by Meunier already some time ago. Aording to this author, the aw
of lassial apillary wave theory is related to the approximation of the surfae area as
a quadrati expansion in Fourier modes. Meunier showed that it is possible to inlude
terms of quarti order using renormalization tehniques. This allows to desribe the
quadrati utuations with renormalized oeients whih transform the bare surfae
tension into the marosopi surfae tension, and furthermore, remove the unpleasant ul-
traviolet divergene of the perpendiular orrelation length that results in the quadrati
approximation.[17℄
In this hapter, we perform omputer simulations of a free liquidvapor interfae in
order to study the probability distribution of intrinsi surfae area inrements that result
from apillary waves. As expeted (but seldom stressed), we onrm a highly peaked
distribution, whih is, however, generally not gaussian, but rather, follows a Gamma
247
7. The area distribution of the intrinsi surfae
distribution, whene, approahes a true gaussian distribution only in the thermodynami
limit. The problem is one losely related to the distribution of the speed of moleules
in an ideal gas, but for many dimensions. We nd that the oeient governing the
suppression of area inrements is ertainly not the liquid-vapor surfae tension, but
rather, a related bare surfae tension, whih inorporates, at least, the ost of bending
the interfae at small wavelengths. Smoothly hanging the resolution hosen to desribe
the interfae loation allows to nd a surfae with zero bending rigidity, whih has a
bare surfae tension that equals the zero wave vetor surfae tension.
7.3 Theory
The presene of apillary waves on an interfae leads to an interfaial prole h(x, y) whih
aounts for deviations from the at interfae. Capillary waves of dierent wavelengths
have an assoiated wavevetor or fourier mode q. Eah fourier mode has an amplitude
hq whih is related to the interfaial prole by fourier transformation of the latter:
hq =
1
N
∑
h(x, y)eiq(x,y) (7.1)
where N is the number of points where the interfaial prole is evaluated.
The inrements of the surfae area due to apillary waves an be obtained in terms
of the amplitudes of the fourier modes aording to:
∆A
A0
=
1
2
∑
q2h2q (7.2)
where A0 is the area of the at interfae and∆A is the area inrement. In this expression
hq is a random variable whih follows a gaussian distribution of the form:
f(hq) =
(
βA0γqq
2
2π
)1/2
e−
1
2
βA0γqq2h2q
(7.3)
Alternatively ∆A/A0 an be related to a dierent random variable t = q
2h2q
∆A
A0
=
1
2
∑
tq (7.4)
whih follows a distribution f(tq). Aording to the transformation theorem for random
variables, both variables are related by
f(hq)dhq = f(tq)dtq (7.5)
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from where the distribution of tq an be expressed as
f(tq) = f(hq)
∣∣∣∣dhqdtq
∣∣∣∣ (7.6)
and by alulating the derivative dhq/dtq one obtains
f(tq) =
1
2
(
βA0γq
2π
)1/2
t−1/2q e
− 1
2
βA0γqtq
(7.7)
If we now dene
βq =
2
βA0γq
(7.8)
and plug it into Eq. 7.7 we obtain
f(tq) =
1
2
(πβq)
−1/2t−1/2q e
− tq
βq
(7.9)
an expression whih an be rearranged to
f(tq) =
1
2
√
π
t
−1/2
q
β
1/2
q
e
− tq
βq
(7.10)
The above equation follows a Gamma distribution f(tq; 1/2; βq).
This allows us to show the random variable ∆A/A0 in Eq. 7.4 is a sum of Gamma
distributed random variables. As a result we an follow the Moshopoulos method [21℄
to obtain the distribution of the area inrements (see Appendix):
f(∆A) =
∏
(βγq)
1/2
Γ(n/2)
[
∆An/2−1 − 1
n
∑
q
β∆γq∆A
n/2 + ...
]
e−βγlv∆A (7.11)
where n is the number of fourier modes, Γ is the gamma funtion, ∆γq = γq − γlv and
γlv is the marosopi liquidvapour surfae tension.
Finally we an rewrite Eq. 7.11 in an approximate form as
f(∆A) ≃
∏
(βγq)
1/2
Γ(n/2)
∆An/2−1e−β〈γ〉∆A (7.12)
where 〈γ〉 = γlv + 〈∆γq〉 and 〈∆γq〉 = 1n
∑
∆γq.
Eq. 7.12 provides the probability of having an inrement of the surfae area of
a magnitude ∆A. As it an be seen, this probability onsists of a polinomi and an
exponential term. The exponential term lessens the probability of large inrements of
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the surfae area exponentially, in a fator related to the interfaial free energy. On
the other hand, the polinomi term inreases the probability of suh inrements. As
mentioned in the Introdution, this inrease is related to the entropy of the surfae
sine larger surfae areas have higher entropy and, therefore, are more likely to our.
Aording to the statistial thermodynamis the free energy of a given ongura-
tion is related to the probability of the latter as:
∆G = −kBT ln f(∆A) (7.13)
where ∆G is the Gibbs free energy, kB is the Boltzmann onstant and T is the tem-
perature. This equation an be exploited to obtain thermodynami properties of our
system. By taking logarithms in Eq. 7.12 we obtain to an additive onstant
ln f(∆A) = ln
∏
(βγq)
1/2 + (n/2− 1) ln∆A− β 〈γ〉∆A (7.14)
and, by omparing Eqs. 7.13 and 7.14 we obtain
∆G/kBT = − ln
∏
(βγq)
1/2 + β 〈γ〉∆A− (n/2− 1) ln∆A (7.15)
This equation will be employed afterwards to obtain 〈γ〉 from a plot of ∆G/kBT vs ∆A.
7.3.1 Estimation of 〈γ〉
We start dening 〈γ〉 as
〈γ〉 = 1
n
n∑
q=1
γq (7.16)
where n is the number of fourier modes. Taking this into aount we rewrite the equation
above as
〈γ〉 =
∑
γq∑
1
≃
∫
γqd~q∫
d~q
(7.17)
If we assume that γq = γlv + κq
2
, we nd
〈γ〉 =
∫
(γlv + κq
2) qdq∫
qdq
= γlv +
1
2
κ (q4max − q4min)
(q2max − q2min)
(7.18)
For large enough systems qmin → 0, so we an rewrite Eq. 7.18 as
〈γ〉 = γlv + 1
2
κq2max (7.19)
Sine it is not possible to attribute qmax a physial meaning, we annot eluidate the
meaning of 〈γ〉 from Eq. 7.19.
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Given that 〈γ〉 is an average surfae tension it should be related to the average
intrinsi surfae area, 〈∆A〉. Taking into aount that Eq. 7.12 follows a Gamma
distribution f(∆A;n/2; 1/β 〈γ〉), the average value of 〈∆A〉 an be written as:
〈∆A〉 = n
2
1
β 〈γ〉 (7.20)
The relationship between 〈∆γ〉 and 〈∆A〉 is given by an average interfaial energy,
〈∆H〉. This energy an be obtained from the equipartition theorem as
〈∆H〉 = n
2
kBT (7.21)
and an be interpreted as the averaged surfae energy assoiated to apillary waves.
Finally by dividing Eq. 7.21 by Eq. 7.20 we get that
〈γ〉 = 〈∆H〉〈∆A〉 (7.22)
7.4 Methods
7.4.1 Model and System
In this work we employ the trunated and shifted LennardJones potential proposed by
Broughton and Gilmer [22℄
U(r) =

4ǫ
[(
σ
r
)12 − (σ
r
)6]
+ C1, r 6 2.3σ
C2
(
σ
r
)12
+ C3
(
σ
r
)6
+ C4
(
r
σ
)2
+ C5, 2.3 < r < 2.5
0, 2.5σ 6 r
(7.23)
where ǫ is the depth of the potential well, σ is the moleular diameter, and Ck are energy
parameters whose values are: C1=0.016132ǫ, C2=3136.6ǫ, C3=-68.069ǫ, C4=-0.083312ǫ,
and C5=0.74689ǫ.
Our simulations are performed by plaing a liquid slab in a retangular box with
interfaial area LxxLy (with lateral areas L = Lx = Ly = 12, 14, 16, 18 and 20 σ) and
length Lz = 50 σ. The width of this liquid slab is ∼ 30σ.
7.4.2 Simulation Details
We use the Moleular Dynamis GROMACS pakage[23, 24℄ and its implementation for
Argon: σ = 3.405Å, ǫ/kB = 119.8K, and m = 6.69 ·10−26kg. We prepare our systems at
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the triple point of the model [25℄, that is T = 0.617ǫ/kB and p = −0.02ǫσ−3. Under these
onditions the liquid's oexistene density is ρl = 0.828σ
−3
. Our systems are prepared
by plaing an equilibrated liquid slab in the middle of the simulation box. Then NVT
simulations of 10 ns are arried out to equilibrate the system. Finally, prodution runs
of 1000 ns are performed in the NVT ensemble. The time step for the VeloityVerlet
integrator was xed to 0.01 ps (0.0046
√
σ2m/ǫ in LJ units) and snapshots were saved
every 100 ps. In order to keep the temperature onstant we use a veloityresaling
thermostat [26℄.
7.4.3 Intrinsi Surfae Loation
In order to loate the intrinsi surfae we divide our systems in a square lattie of
n = nj · nk equispaed points with oordinates (xj , yk). For eah of these points, we
need to know the value of the funtion whih desribes the intrinsi surfae, h(xj , yk).
To do this, we dene squares of side ∆ entered at eah point and look for partiles
whose x, y oordinates are enlosed within these squares. Then, the value of h(xj , yk)
for a given square entered at (xj , yk) is alulated as the average z oordinate of the
n0 outermost partiles belonging to that square. In this way we an loate the intrinsi
surfae making use of four parameters, namely, nj, nk, ∆ and n0. From these parameters,
nj and nk ditate the number of points where the intrinsi surfae is loated, while ∆ is
the one whih allows us to hange the resolution of our denition of the surfae. Large
values of ∆ will give smooth interfaes and thus low resolution, while small values of the
parameter will lead to sharp interfaes of high resolution. The optimal value of ∆ should
give rough interfaes but without the sharp peaks obtained for very high resolutions,
whih are physially meaningless. Finally, the parameter n0 must be hosen in a way
that only interfaial partiles, and not those orresponding to the bulk, are taken into
aount. Thus, the value of n0 is related to ∆ through the surfae density. We nd that
a value of about 0.45 partiles/σ2 for this density leads to reasonable surfaes.
7.4.4 Calulation of the Interfaial Area
The intrinsi surfae area of a given onguration an be obtained by dividing it in
triangles, alulating the area of these triangles and then expressing the intrinsi surfae
area as the sum of the areas of eah single triangle. A sketh of this proedure is shown
in Fig. 7.1 and it is detailed below.
First of all we take h(xj , yk), whose oordinates give us the points needed to divide
the intrinsi surfae into triangles. For a given point of this funtion, say n in Fig. 7.1,
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Figure 7.1. Sketh for the alulation of the interfaial area.
~j, ~k and ~i are vetors parallel to Lx, Ly
and Lz respetively. ~ra is a vetor going from point n to point a, ~rb is a vetor going from point n to
point b and ~rc is a vetor going from point n to point c.
with oordinates (xj , yk), we look for its neighbours a, b, and c, being:
a ≡ (xj−1, yk+1)
b ≡ (xj , yk+1)
c ≡ (xj+1, yk)
(7.24)
Then we dene vetors ~ra, ~rb, and ~rc as follows:
~ra = [x(a)− x(n)]~j + [y(a)− y(n)]~k + [z(a) − z(n)]~i
~rb = [x(b)− x(n)]~j + [y(b)− y(n)]~k + [z(b)− z(n)]~i
~rc = [x(c)− x(n)]~j + [y(c)− y(n)]~k + [z(c)− z(n)]~i
(7.25)
One we have these vetors, we an alulate the area of the individual triangles ∆nab
and ∆nbc as:
A(∆nab) = 1
2
√
~ra × ~rb
A(∆nbc) = 1
2
√
~rb × ~rc
(7.26)
whih allows us to alulate the area orresponding to point njk as:
A(njk) = A(∆njkab) + A(∆njkbc) (7.27)
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Figure 7.2. Area alulated for a semiylinder of radius 0.5 and length 1 as a funtion of
disretization points. Red solid line orresponds to the analyti area, π/2.
By doing this for all the points of the lattie we an alulate the total area orresponding
to the intrinsi surfae as:
A =
∑
j
∑
k
A(njk) (7.28)
It omes from Eq. 7.28 that the value of the total area alulated by this proedure
depends on the number of points employed in the disretization. The larger the number
of disretization points, the larger the area alulated. However, it is expeted that the
value of the area onverges to a nite value for a given number of disretization points.
We have made this test for a simple geometry, a semiylinder of radius 0.5 and length
1. For this geometry its orresponding analyti area is π/2 so the areas alulated with
our proedure should onverge to this value. In Fig. 7.2 we plot the area alulated for
this geometry as a funtion of the number of disretization points. As it an be seen
our proedure onverges to the orret value of the interfaial area for a large enough
number of disretization points.
7.5 Results
Our results have been obtained by using dierent resolutions to loate the interfae.
The spei values of the analysis parameters employed for eah resolution are shown
in Table 7.1.
First of all we hek if our method for loating the interfae gives onsistent results
regardless of the resolution. With this aim we make use of the apillary wave theory to
obtain γlv and ompare our results with that of Ref. [27℄. Aording to the apillary
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Set of parameters ∆/σ n0 ρ/partiles·σ−2
1 10.000 44 0.440
2 6.667 20 0.450
3 5.000 11 0.440
4 4.000 7 0.437
5 3.333 5 0.450
6 2.857 4 0.490
7 2.500 3 0.480
8 2.222 2 0.405
9 2.000 1 0.250
Table 7.1. Analysis parameters for dierent resolutions.
wave theory, the q dependent surfae tension of a liquidvapour interfae is given by
[28℄
γq =
kBT
A 〈|hq|2〉 q2 (7.29)
and it is known that it follows a dependene with q whih is given by [17, 29, 30℄
γq = γlv + κq
2 + cq4 (7.30)
In Fig. 7.3 we show our results for the apillary wave spetrum of the system of L = 20σ
for the dierent resolutions here studied. It an be seen that although the shape of γq is
dierent for eah resolution, most of them seem to onverge to the same value at q = 0.
To determine this value we t our data to Eq. 7.30. We show suh ts in Fig. 7.3 as
solid lines, and the tting parameters γlv and κ thus obtained in Table 7.2. By analysing
our results we see that all resolutions but the three lower ones report a value for γlv of
0.73ǫσ−2. We ompare this value with Ref. [27℄. In that work γlv of a very similar LJ
potential is alulated at dierent temperatures. By extrapolating their results to our
temperature (T
∗
=0.617) a value of 0.78ǫσ−2 is obtained. Taking into aount that both
models are not equal, and that the surfae tension is very sensitive to small variations
of the potential as shown also in [27℄, we an onlude that our results are in reasonable
good agreement.
As we have seen, besides giving reasonable results, our method for loating the
interfae is robust for most resolutions, so it appears as a reliable method when alulat-
ing γlv. With respet to the disrepanies observed only for low resolutions (resolutions
1, 2 and 3 in Table 7.1), they appear beause of a slow onvergene of γq, whih hampers
the extrapolation to q = 0 for suh a small system.
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Figure 7.3. Spetrum of apillary waves for the 20x20 system obtained for dierent resolutions shown
in Table 7.1. 1 (blak irles), 2 (red squares), 3 (green diamonds), 4 (blue triangles up), 5 (orange
triangles left), 6 (brown triangles down), 7 (magenta triangles right), 8 (purple irles) and 9 (yan
squares).
Another interesting issue is the determination of the bending rigidity oeient,
κ. In this ase, our results depend on a great extend on the resolution, so a denite
value annot be obtained. However it is worth to notie that the value of this oeient
dereases as we inrease the resolution, going from positive to negative values. In Fig.
7.3 we an see that for resolution 8 γq is nearly at in the range of q studied, whih is
assoiated with a value of κ = 0. This result, whih is onrmed in Table 7.2, is very
interesting sine it suggest that we an dene an interfae with no bending rigidity, and
will be disussed later.
One we are apable of alulating the intrinsi surfae area in a reliable way we
test Eq. 7.15 to prove the validity of our model. To do this we alulate f(∆A) for our
L=20σ system. In order to determine it we make use of the parameters of resolution 6 to
alulate the intrinsi surfae area of our ongurations. Then the probability of a given
value of ∆A is obtained by making an histogram of ∆A with bin width of 0.1σ. Finally
we alulate ∆G/kBT via Eq. 7.13. We show our results as green diamonds in Fig.
7.4. We t our data to Eq. 7.15 (red solid line) and ompare it with a t to a gaussian
distribution (blak dashed line). As it an be seen the t to Eq. 7.15 is learly better
showing the goodness of our model to desribe the funtionality of f(∆A). This result
reveals that although we obtain the inrements of the surfae area from the random
variable hq, whih follows a gaussian distribution, our random variable ∆A follows a
Gamma distribution as shown in the theory.
Given that our model is apable of desribing f(∆A) we should be able to obtain
〈γ〉 via Eq. 7.15 from the linear oeient of our t. The value thus obtained is
0.99ǫσ−2. It is noteworthy that this value is higher than that shown in Table 7.2 for
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Resolution γlv/ǫσ
−2 κ/ǫ 〈γ〉 /ǫσ−2
1 12.17 -170.61 2.41
2 0.79 0.38 1.62
3 0.76 0.73 1.26
4 0.73 0.67 1.14
5 0.73 0.41 1.21
6 0.73 0.26 0.99
7 0.73 0.13 0.88
8 0.73 0.04 0.75
9 0.73 -0.08 0.59
Table 7.2. Columns 2 and 3: tting parameters of the apillary wave spetrum to γq = γlv + κq
2 + cq4
for dierent resolutions. Column 4: 〈γ〉 obtained from tting the data in Fig. 7.6 to Eq. 7.15.
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Figure 7.4. Symbols: free energy of the 20x20 system obtained for resolution 6. Solid red line
orrespond to a t to Eq. 7.15. Blak dashed line orrespond to a t to a gaussian distribution of
f(∆A).
257
7. The area distribution of the intrinsi surfae
0 10 20 30 40-6
-5
-4
-3
-2
-1
PSfrag replaements
∆
G
/k
B
T
∆A/σ2
Figure 7.5. Free energy for dierent nominal areas obtained with the set of parameters 6 from Table
7.1. From left to right: 12x12 (blak irles), 14x14 (red squares), 16x16 (green diamonds), 18x18
(blue triangles up) and 20x20 (orange triangles left).
the same resolution. However, this is expeted sine 〈γ〉 does not orrespond to γlv
neessarily but to an average of γq as seen in Eq. 7.16 instead.
We now hek if our results for 〈γ〉 depend on the nominal area of the interfae.
With this aim we alulate ∆G/kBT for the dierent system sizes here studied and plot
it versus ∆A in Fig. 7.5. By tting our data to Eq. 7.15 we obtain values for 〈γ〉 of
1.00, 1.00, 0.98, 0.99 and 0.99 ǫσ−2 for systems with lateral areas of 12, 14, 16, 18 and
20 σ, respetively. These results show that our model provides robust values for 〈γ〉
irrespetive of the nominal interfaial area.
Finally we want to analyse the dependene of 〈γ〉 with the resolution. For this task
we use our system of L=20σ. In Fig. 7.6 we plot ∆G/kBT vs ∆A for all the resolutions
given in Table 7.1, together with their orresponding ts to Eq. 7.15. The values of
〈γ〉 thus alulated are shown in the fourth olumn of Table 7.2. It is lear from that
table that 〈γ〉 depends on the resolution to a high extent. The results show an evident
derease of the value of 〈γ〉 as the resolution is inreased, moving to values even lower
than that of 0.73ǫσ−2 orresponding to the thermodynami limit.
7.6 Disussion
For a given surfae, whih is dened at the moleular sale, we an identify dierent
intrinsi surfaes depending on the resolution to loate it.
By taking a look to Fig. 7.3 we an see that the values of γq usually inrease
with the wavevetor, being this inrease more pronouned for low resolutions. Taking
this fat into aount and given that 〈γ〉 is an average of γq as shown in Eq. 7.16, it is
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Figure 7.6. Free energy of the 20x20 system obtained for dierent resolutions shown in Table 7.1.
From left to right: 1 (blak irles), 2 (red squares), 3 (green diamonds), 4 (blue triangles up), 5
(orange triangles left), 6 (brown triangles down), 7 (magenta triangles right), 8 (purple irles) and 9
(yan squares).
expeted to obtain a value of 〈γ〉 whih dereases with inreasing resolution. We onrm
this behaviour by obtaining 〈γ〉 for dierent resolutions from the intrinsi surfae area
distributions.
In spite of the simpliity of our method for loating the interfae, we an be
ondent in our results sine more preise methods, suh as the Intrinsi Surfae Method,
have shown the same dependene of γq with resolution [31℄.
However, this result is at odds with expetations from Eq. 7.19. In priniple, as the
resolution employed for loating the interfae is inreased, one should be able to obtain
meaningful information of wavevetors of higher value. In this sense, one would expet
to obtain higher values of 〈γ〉 for high resolutions sine the value of qmax is inreased.
In order to larify this misleading behaviour we take a look to Fig. 7.6. There it
an be learly seen that the shape of the -ln of the Gamma distribution depends strongly
on the arbitrary hoie of the intrinsi surfae. The region to the left of the minimum
is mainly ditated by the number of surfae modes hosen to desribe the intrinsi
surfae. The region to the right of the minimum, on the other hand, depends on an
average surfae tension, whih is also dependent on the hoie of the intrinsi surfae.
The theoretial expetation is that the average surfae tension should inrease with the
resolution as κq2max, where κ is the bending rigidity and qmax is the maximum wavevetor
that an be meaningfully desribed by the degree of resolution with whih the intrinsi
surfae is determined. However, sine κ also depends on the hoie of interfae in a non-
trivial manner, we nd that in fat the average surfae tension atually dereases as the
resolution is inreased. At suiently large resolution, κ vanishes and then the average
surfae tension oinides with the expeted marosopi surfae tension. Although this
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an explain the behaviour of γq it annot provide us the orret value of γlv sine the
value of qmax remains unknown.
Alternatively, we ould use Eq. 7.22 to obtain 〈γ〉. In this expression both 〈γ〉 and
〈∆A〉 depend on the resolution. The dependene of both magnitudes follows opposite
trends with 〈γ〉 dereasing for high resolutions and 〈∆A〉 inreasing. In this sense, the
produt 〈γ〉 · 〈∆A〉 would be expeted to be onstant leading to a density of interfaial
energy 〈∆H〉 /A0, whih is an intensive property of the system.
Finally, we fous our attention on the denition of the intrinsi surfae area. This
denition is a matter of debate as it determines the value of many thermodynami
properties. Our results for the surfae tension of Fig. 7.3 show that γq is nearly at
for resolution number 8 (purple urve). This means that for this resolution the bending
oeient is nearly zero, so the surfae thus alulated has no bending rigidity. It is
very interesting to see that this is the only resolution that provides the orret value
of the surfae tension when the area probability is analysed. In this sense it would be
desirable to nd an eetive way of loating an interfae with no bending rigidity sine
it would provide a way of obtaining the surfae tension diretly.
7.7 Conlusions
In this hapter we have studied the intrinsi area probability distribution of an undu-
lating uid interfae subjet to thermal apillary waves.
The distribution is a result between ompeting free energy ontributions. An
enthalpi like ontribution penalizes the inrease of the surfae area. An entropi on-
tribution, on the other hand, favors a rough interfae with large surfae area. Our
simulation results onrm that as a result of this ompetition, the intrinsi surfae area
follows a Gamma distribution, as expeted from our theoretial model.
Our study hinges on some of the puzzling and long standing problems of apil-
lary wave theory, whih are essentially unavoidable inonsistenies that appear at short
lengthsales in statistial mehanial oarse graining approahes.
Aording to statistial mehanis, the probability of a given mirosopi ong-
uration depends preisely on the mirosopi Hamiltonian via the Boltzmann weight
exp(−βH). In apillary wave theory, one attempts to weight the probability of spe-
i surfae ongurations by measuring solely the surfae area of that onguration,
as ≈ exp(−βγ∆A). Unfortunately, the surfae area is not unambiguously dened, but
rather, depends on an arbitrary hoie of the intrinsi surfae. Aordingly, we nd
that hoies that result in a larger surfae area, ∆A, will need to assume a smaller
surfae tension γ in order to produe the orret invariant Boltzmann fator for that
onguration.
Despite this inonsisteny, we nd that the small lengthsale details related to the
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hoie of intrinsi surfae do not upset the onsisteny of apillary wave theory at small
wavevetors, so that for reasonable hoies of the intrinsi surfae the q = 0 limit of the
spetrum of utuations onsistently provides the expeted surfae tension.
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Appendix A: Obtaining the distribution of area inrements
Appendix A: Obtaining the distribution of area inre-
ments
In this appendix we show how to get to Eq. 7.11 by using the Moshopoulos method
[21℄.
Let xi to be a random variable whih follows a Gamma distribution
f(xi) =
xαi−1i e
−xi/βi
βiΓ(αi)
≡ G(xi;αi; βi) (7.31)
and let y to be sum of this variable
y = x1 + x2 + ... + xn (7.32)
Then
f(y) = C
∑
k
δky
ρ+k−1 e
−y/β1
Γ(ρ+ k)βρ+k1
(7.33)
with
C =
∏
i
(β1/βi)
αi =
∏
i
(β1/βi)
1/2
(7.34)
ρ =
∑
i
αi = n/2 (7.35)
δk+1 =
1
k + 1
k+1∑
i=1
iγiδk+1−i ; δ0 = 1 (7.36)
γk =
n∑
i=1
αi (1− β1/βi)k /k (7.37)
In our partiular ase we have:
xi = q
2h2q ; βi =
2
βA0γi
; αi = 1/2 (7.38)
so we an now dene
γ1 =
1
2
∑
i (1− β1/βi) = 12
∑
i
∆β
βi
δ1 = γ1δ0 = γ1
(7.39)
By plugging these equations in Eq. 7.33 we get:
f(y) =
∏
i
(
β1
βi
)1/2{
yn/2−1
Γ(n/2)β
n/2
1
+
1
2
∑
i
∆β
βi
yn/2
Γ(n/2 + 1)β
n/2+1
1
+ ...
}
e−y/β1 (7.40)
265
7. The area distribution of the intrinsi surfae.
Considering Eq. 7.38 we an note that
∆β
βi
= 1− β1
βi
= 1− γi
γ1
=
γ1 − γi
γ1
= −∆γi
γ1
(7.41)
so by plugging Eq. 7.41 into Eq. 7.40 we obtain:
f(y) =
∏
i
(
γi
γ1
)(1/2){
yn/2−1
Γ(n/2)β
n/2
1
− 1
2
∑
i
∆γi
γi
yn/2
Γ(n/2 + 1)β
n/2+1
1
+ ...
}
e−y/β1 (7.42)
If we now make use of Eq. 7.38 we an rewrite Eq. 7.42 to get:
f(y) =
∏
i
(
βA0γi
2
)(1/2)
Γ(n/2)
{
yn/2−1 − 1
4
Γ(n/2)
Γ(n/2 + 1)
βA0
∑
i
∆γiy
n/2 + ...
}
e
1
2
βA0γ1y
(7.43)
We now take into aount that
y =
∑
q
q2h2q =
2∆A
A0
(7.44)
so we an nally rewrite Eq. 7.43 as
f(∆A) =
∏
i (βγi)
1/2
Γ(n/2)
[
∆An/2−1 − 1
n
∑
i
β∆γi∆A
n/2 + ...
]
e−βγ1∆A (7.45)
Here it an be learly seen that the equation above is the same as Eq. 7.11 with
i = q and γ1 = γlv.
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Conlusiones y Perspetivas
En esta tesis hemos heho un estudio de las ondas apilares mediante ténias de simu-
laión, abordando una serie de interfases de distinta omplejidad: interfases adsorbidas,
interfases sólidouido e interfases sólidovapor.
De nuestro estudio se desprenden onlusiones tanto de omportamiento físio
general, omo de omportamiento espeío de los modelos estudiados; además de on-
lusiones sobre la metodología empleada. A ontinuaión se enunian las onlusiones
más relevantes de esta tesis, ordenadas en estos tres bloques:
En uanto a omportamiento físio general llegamos a las siguientes onlusiones:
• La tensión superial de una pelíula líquida adsorbida sobre un sustrato sólido
depende del espesor de la pelíula. Para el aso de sistemas dominados por fuerzas
de largo alane, esta dependenia se puede expliar reurriendo úniamente al
potenial que el sustrado sólido ejere sobre la pelíula adsorbida.
Como onseuenia de esta dependenia, la longitud de orrelaión paralela se ve
modiada en un término dado por la longitud de orrelaión de la fase volumétria.
• Las ondas superiales de la interfase sólidolíquido relajan en dos regímenes tem-
porales distintos. El régimen lento sigue una relajaión exponenial uyo tiempo
araterístio esala on q−2, orresponidente a un proeso de difusión del frente
interfaial. Este proeso de difusión se debe al ontinuo fundir y reristalizar de
la interfase. El proeso de relajaión rápido está posíblemente relaionado on
modos de vibraión del ristal y on vibraiones atómias.
• Las distribuión de probabilidad del area intrínsea de una interfase rugosa de-
pende de un balane entre entropía, que tiende a aumentar el area, y la energía
interfaial, que tiende a disminuirla. Los valores obtenidos de la energía libre in-
terfaial a partir de dihas distribuiones dependen del grado de resoluión on
que se mide el área. Existe un grado de resoluión mirosópio para el que se
obtiene una energía interfaial oinidente on la tensión superial marosópia.
En uanto al omportamiento de sistemas espeíos tenemos:
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Para el loruro sódio:
• La energía libre interfaial sólidolíquido del modelo de Tosi-Fumi para el loruro
sódio, obtenida mediante el método de utuaiones apilares, es de 89±6 mN·m−1.
Este resultado onuerda on el obtenido mediante el álulo de barreras de nu-
leaión mientras que disrepa on el alulado mediante la medida del ángulo
de ontato. Dentro de la preisión de nuestros álulos todas las aras tienen la
misma energía interfaial.
• La rigidez de algunas orientaiones del loruro sódio presenta un deaimiento
anómalo al aerarnos al límite termodinámio. Este deaimiento puede ser inter-
pretado omo una inestabilidad de las aras impliadas para algunas direiones
de propagaión de la onda.
Para las interfases del agua:
• Las interfases hielo/agua y hielo/vapor del modelo de agua TIP4P/2005 son ru-
gosas.
• La energía libre interfaial promedio sólidolíquido para el modelo de agua
TIP4P/2005 es de 27±2 mN·m−1. Aunque no se ha podido resolver la anistropía
de la energía libre interfaial de ada una de las aras, nuestros resultados sugieren
que el plano basal es el menos energétio.
• El modelo TIP4P/2005 predie que al exponer la ara basal del hielo hexagonal
al agua la interfase presenta regiones alternantes de hielo úbio y hexagonal que
ambian dinámiamente.
• En las interfases hielo/vapor aparee una pelíula de agua adsorbida sobre el hielo
que da lugar a dos superies: la hielo/pelíula y la pelíula/vapor. Hemos enon-
trado que a esala mirosópia ambas superies utuan omo las orrespondi-
entes superies independientes hielo/agua y hielo/vapor. Sin embargo a esala
mesosópia dihas utuaiones están subordinadas a la rugosidad del sólido sub-
yaente y vienen dadas por una rigidez que es la suma de la rigidez hielo/agua y
la tensión superial agua/vapor.
Y omo aspetos metodológios:
• El método de ondas apilares es apaz de proporionar valores de la energía interfa-
ial de superies rugosas, tanto sólidovapor omo sólidolíquido, para sistemas
de distinta naturaleza y omplejidad tales omo esferas duras, LennardJones,
agua o loruro sódio.
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• La dependenia de la energía interfaial on la orientaión del ristal se puede
expandir en úbios o esférios armónios para obtener la energía libre interfaial
a partir de la rigidez de sistemas úbios o hexagonales, respetivamente.
• La preisión del método de ondas apilares no ha permitido, en la mayor parte
de los sistemas estudiados, resolver la anisotropía de la energía interfaial on
respeto a la orientaión del sólido.
• Las geometrías interfaiales quasi-monodimensionales y bidimensionales propor-
ionan el mismo valor de la rigidez interfaial para todos los sistemas y orienta-
iones ristalográas estudiadas en esta tesis, on la exepión de aquellas que
muestran el plano (111).
Además de las onlusiones que se detallan anteriormente esta tesis deja abiertos
interesantes aspetos sobre el omportamiento de las interfases. En este sentido, a on-
tinuaión se disuten dihos aspetos que podrían ser objeto de futuras investigaiones
inspiradas en el trabajo aquí realizado:
• Como mostramos en el apítulo 4, el omportamiento de la rigidez para algunas
aras y direiones de propagaión de onda del NaCl es anómalo debido a que ésta
disminuye en lugar de onverger a medida que nos aeramos al límite termod-
inámio. Este omportamiento no había sido anteriormente observado en ningún
sistema y sugiere que hay iertas aras del NaCl que son inestables. Esta intere-
sante observaión deja varias preguntas abiertas: ¾Será ero o inluso alanzará
la rigidez valores negativos en el límite termodinámio para las orientaiones "in-
estables"? ¾Por qué las anomalías surgen solo en un sólido iónio omo el NaCl y
no en los demás sistemas estudiados? ¾Por qué algunas orientaiones presentan la
anomalía y otras no?
• Desde un punto de vista metodológio es importante saber si el empleo de sis-
temas on interfases quasi-monodimensionales es una forma able de reduir el
tamaño del sistema, dado que el omportamiento de las ondas apilares se puede
ver afetado por la dimensionalidad de la interfase. En los apítulos 3 y 4 hemos
omparado interfases quasi-monodimensionales y bidimensionales, y en todos los
asos, salvo para el plano 111, los resultados son equivalentes. Esta observaión da
lugar a las siguientes preguntas: ¾Por qué úniamente este plano muestra disrep-
anias entre ambas geometrías? ¾Se debe a efetos de apilamiento en la direión
perpendiular al plano?
• En el apítulo 6 hemos estudiado la rugosidad de la interfase hielo/vapor para el
modelo TIP4P/2005. El modelo teório que desarrollamos, basado en la amplitud
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de las ondas apilares paree indiar que estas interfases son rugosas. Sin embargo,
debido al tamaño nito de nuestro sistema, no estamos en disposiión de armar
si este omportamiento se mantiene hasta el límite termodinámio. Esto, unido al
heho de que la inspeión visual de las interfases sugiere la presenia de interfases
laramente esalonadas, nos hae plantearnos la pregunta: ¾Son realmente rugosas
las interfases hielo/vapor?
• En el apítulo 7 mostramos que es posible obtener una tensión superial prome-
dio, 〈γ〉, a partir de la distribuión de probabilidad de área de la superie in-
trínsea. Hemos omprobado que 〈γ〉 está relaionada on la tensión superial
marosópia γlv, y que además depende del grado de resoluión on que se lo-
aliza la interfase. En este sentido sería muy interesante resolver las siguientes
preguntas: ¾Es posible estableer a priori on que grado de resoluión hay que
medir el area intrínsea para que 〈γ〉 oinida on γlv? Y en aso negativo ¾sería
posible obtener γlv a partir de 〈γ〉 para ualquier grado de resoluión?
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